Gauge Fixing and Constrained Dynamics in Numerical Relativity

Jon Allen

The Dirac formalism for dealing with constraints in a canonical Hamiltonian formulation is
reviewed. Gauge freedom is discussed and constraints for gauge theories are derived in a general
context. The Dirac bracket is introduced and shown to provide a consistent method to remove
any gauge freedom present. Numerical stability for gauge theories is discussed and it is shown
that all gauge freedom must be fixed in order for the theory to be well-posed. Electrodynamics is
used to provide examples of the methods outlined for general gauge theories. General Relativity
is discussed in the context of canonical systems with gauge freedom. The first class constraints
of General Relativity are derived along with canonical variables similar to the BSSN formulation.
Finally the gauge freedom of General Relativity is fixed and the resulting equations of motion are
discussed.
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I. INTRODUCTION

Insert standard filler about the importance of relativity, gauge theories, and numerical simulations here. Provide
some historical context for the motivations of the machinery used here. Discuss what the questions I am seeking to
answer are and why they are important. Provide current context examples.

II. REVIEW OF GAUGE THEORIES AND HAMILTONIAN SYSTEMS

This section begins by providing a relatively self-contained introduction to gauge theories in the Hamiltonian
formulation, providing general results. Specific examples are provided in section (IV|) for Electrodynamics and



section (??) for General Relativity. The reader is assumed to have a basic familiarity with the Lagrangian and
Hamiltonian formulations along with the methods of variational calculus. A basic familiarity with exterior differential
calculus will be occasionally assumed within the notes from time to time but is not necessary in order for the casual
reader to follow along. Subsection provides a review of the general features of Lagrangian and Hamiltonian
dynamics which will be useful when working with gauge theories. For more thorough reviews of Hamiltonian
dynamics and introductions to geometric formulations see [1I],[2],[3], [], [El, [6], and [7]. In order to simplify the
discussion, throughout this section when general Lagrangian or Hamiltonian formulations are considered the system
will be expressed in a finite dimensional form. Differences between finite dimensional systems and field theories will
be noted when necessary.

Insert standard notation definitions such as:

Lowercase roman indexes from the middle of the alphabet run over spatial components, i,j,k = {1,...,3}.
Lowercase greek indexes run over all space-time components, «, 3,7 = {0, ...,3}.
Lowercase roman indexes from the beginning of the alphabet will run over tangent bundle pairs, a,b,c = {1,..., N},

where N is the dimension of the base space. These indexes will also be used to label primary constraints, and when
working with subspaces of the tangent or cotangent bundle.

Uppercase roman indexes from the middle of the alphabet will run over the phase space coordinates,
I,J,K,L ={1,...,2N}, where N is the dimension of the base space.

Uppercase roman indexes from the beginning of the alphabet will run over all constraints, which are introduced in
subsection .

Einstein’s summation convention, V,W* = 3"V, W, will be used throughout and will apply to all indexed terms.
Phase space vectors in abstract notation will be denoted in bold, X = X a% + XN 6%& while elements of the dual

space of covariant vectors in abstract notation will be denoted with a tilde, X = X, dq® + XotN dpg.

A. Lagrangian and Hamiltonian Dynamics

For a given physical system modeled by a set of variables and their derivatives, { 4,9.,4,9.a8,.-- }, the action,
S'[q], is defined to be the functional,

SME/ﬁme (1)

which when extremized yields the equations of motion for each of the variables q. The space of variables is called
the configuration space, M, and the velocities, ¢, at the location q € M reside in the tangent space of M, T,M. The
differentiable space of all velocities at all points over M is known as the tangent bundle, TM = {T,M|q € M}, and
has coordinates (q,q) € TM. The functional in the integrand of equation (1)) , L [q, ¢], is called the Lagrangian and
is a real valued functional of the tangent bundle coordinates, L : TM — R. The value returned by the Lagrangian is
a scalar and therefore will be independent of the chosen coordinate system on the tangent bundle. Extremization of
the action yields

oL d 0L d [ OL
0 oq) = [ dt — = —— | 0¢" + — 0| p = 2
S'[q,dq] / {[%a dtf)qa} q+dt[6q’“q]} 0 (2)
Unless otherwise noted, assume that the variation, dq, at the boundary takes the form
oL
0qt =C 3
9 (3)

for some constant C € R so that the last term of equation , being a total derivative, vanishes. The resulting
extremized path yields the Fuler-Lagrange equations
OL d oL _
dq®  dtog*

(4)

The Euler-Lagrange equations form a second order differential system which govern the evolution of the physical
system modeled by the configuration space variables, q. For field theories, the Lagrangian, L, is integrated over all



of spacetime to yield the action, S, so the total derivative in equation for the finite dimensional system becomes
an integral over the spacetime boundary in the continuum.

The configuration space manifold, M, and tangent bundle, T'M, are manifolds with definitions which are
independent of the Lagrangian, L, or coordinate system, (q,q). Because these spaces are defined without respect
to the dynamics, two physical systems, modeled by two different Lagrangians, L and L', can be defined on the
same configuration space, M, and tangent bundle, TM. Since these manifolds, M and T'M, are independent of the
dynamics, there is no natural way to define an intrinsic meaning for the velocities at a given location, ¢ € T,M, and
therefore no natural way to compare these values for two distinct locations, q,q’ € M with q # q’. Formally then,
velocities have no intrinsic meaning because there is no canonical inner product structure on the tangent bundle,
a necessary requirement in order to be able compare elements of two distinct tangent spaces, T,M and Ty M, in a
coordinate independent manner. Although there is no natural way to compare elements of T'M in general, when a
particular Lagrangian, L, is considered the Lagrangian itself can be used to define a map from the tangent bundle,
TM, to the dual space, T*M, of all one forms over M, known as the cotangent bundle. The map from the tangent
bundle, TM, to the cotangent bundle, T*M, is the Legendre transform, defined as

bla.q =204 o)
taking the tangent bundle coordinates, (q,q), into coordinates on the cotangent bundle, (q,p), with p being one
forms which are dual to the velocities, . In mechanics, the coordinates of T* M defined by equation , P, are known
as canonical momenta, and the collection of all cotangent bundle coordinates, (q,p) € T*M, defines the phase space.
For an NV dimensional configuration manifold, the phase space will be a 2N dimensional manifold with coordinates,
{q*,p.} for a € 1... N, defined by the N conjugate pairs. Canonical momenta, p,, are often referred to as conjugate
momenta with respect to the position variable, ¢®, with which it forms the conjugate pair, (¢%, p,). Each conjugate
pair present defines a single degree of freedom for the physical system, so that a 2N dimensional phase space has N
degrees of freedom.

Once elements of the tangent bundle, TM, can be identified with elements of the cotangent bundle, T* M, an inner

product can be constructed over M by defining the norm, ||-||, as
= 0Lla, 4] . @
lalj= 229 g = gt =g )

which sends elements of the tangent bundle to scalar values, TM — R. Because the Lagrangian, L, is invariant
under changes of the configuration space coordinates, and subsequent changes in the tangent bundle coordinates, the
norm, equation @, will also be invariant under coordinate changes. This coordinate invariant value is well defined,
for a given Lagrangian, and can therefore be used to make meaningful comparisons of velocities, q, in a coordinate
independent way. In mechanics, the norm, ||q||, is equal to twice the kinetic energy, T

1, . 1., ..
T:5llq\|—§p(q,q)‘q (7)

which should be a familiar physical quantity, invariant under changes of the configuration space coordinates. Assume
for the remainder of this subsection that the Legendre transform, equation , is a bijection, mapping unique elements
of T'M to unique elements of T*M. The case in which the Legendre transformation is not a bijection will be examined
in subsection . When the Legendre transform is a bijection, an inverse map exists allowing unique elements of the
tangent bundle, (q,q) € TM, to be written as unique expressions of the cotangent bundle coordinates, (q,p) € T*M.
Expressing all velocities, q, as functions of the phase space coordinates, (q,p), allows the dynamics to be expressed
entirely in phase space.
Define the canonical Hamiltonian as

H=p-q-Llqg,q] (8)
Treating the coordinate components of q, q, and p independently, the total variation of H yields
oL oL
0H = ¢“6pg, — —0q° — 0g® 9
q"0pa = 5 204 +(pa 54“) q 9)

Using the definition of the momenta, equation , the coefficient of 6¢* vanishes identically, showing that the canonical
Hamiltonian, H, is independent of the velocities q. Using the canonical Hamiltonian, equation , define the canonical
action as the functional of the phase space variables, (q,p), given by

ﬂqﬁz/@wf—HM@ww:/ﬁLmqm@n (10



Extremizing the canonical action yields
0H 0H d
~ ~ = a _ b a J— a = 11
45 [q, p, 09, oD /ﬁ{F 5%%” Pﬁﬂwkq+ﬁ@&ﬂ} 0 (11)

Using the definition of the momenta, equation , and the boundary condition placed on the variation dq, equation ,
the last term in equation vanishes. The resulting extremized path in phase space yields Hamilton’s equations

dp 0H [q,D]

- Y 12
dt iq (12)
dq OH [q,D]

— b 1
dt op (13)

Note that no restriction on the variation of the momenta, ép, at the boundary is necessary to extremize the canonical
action. Using the Legendre transform, equation , along with canonical Hamiltonian, equation , and the canonical
action, equation , to express the extremized path in phase space coordinates, (q,p), as an extremized path in
the tangent bundle coordinates, (q,q), shows that the Lagrangian and Hamiltonian formulations are equivalent.
Numerically, it is often more convenient to evolve Hamilton’s equations, which form a first order differential system
of 2N equations, than the N second order differential system given by the Euler-Lagrange equations.

Treating the 2N coordinates of the phase space independently allows an exterior calculus to be introduced on the
cotangent bundle. In the space of one forms with coefficients taking values in phase space, define the Poincaré one
form as

A = padg® (14)
Treating coordinate time, ¢, as a configuration space variable, the Hamiltonian one form is defined as
A=X\—Hdt (15)

allowing the canonical action to be written as

SMﬂz/ﬁA (16)

In the space of two forms with coefficients taking values in phase space, the Poincaré two form is defined as the
exterior derivative, in phase space, of the Poincaré one form

w? = d\ = dp, A dg® (17)

The Poincaré two form, w?, defines a symplectic structure in the phase space, T*M. A compact notation frequently
used when dealing with Hamiltonian systems is given by writing the 2N phase space coordinates, (q, p), as

=gt N =Y (18)

The elements of the phase space coordinates, z, will be denoted as z¥, with index, K, which runs over the 2N
dimensions of T*M. In the compact notation, the Poincaré two form of equation becomes

w? = Jxp dz¥ A d2E (19)
In canonical phase space coordinates, Jx,, defines the canonical form given by
0 I

(Jkr — JkL) = (20)
I o0

JEJKLZ

N | =

with I being the N x N identity matrix. Transformations of the phase space coordinates which preserve the canonical
form are known as canonical transformations. Any two canonical transformations can be combined to yield a third,
and each canonical transformation is invertible, whence canonical transformations form a group.



Dual to the space of one forms, resides the space of vectors with coeflicients which take values in the phase space.
Define a basis for this vector space, dual to the basis one forms dz, as the vectors 9, satisfying

Ok (dz") = dz" (0k) = 0 (21)
In general, the tangent bundle over T* M will be the vector space defined as
V={X=X" 0 | X* eT* M} (22)
with the cotangent bundle over T*M given by the vector space dual to V, defined as
Yt = {VV — Wi d2K | Wi € T*M} (23)

such that the basis vectors for V and dual basis for V* satisfy equation .
For any function, G, of the phase space coordinates which is differentiable at least once, the symplectic form,
equation , defines a vector field, Vg € V, dual to the one form, dG € V*, which satisfies

dG dG dG
= —dg¢® dp, = —dz* =w? (Vg, - 24
dqa q + dpa p z w ( Gy ) ( )

d
¢ dzL

The vector field, V4, defines a flow in phase space, parameterized by 7, satisfying

d

Z =V [z(7) (25)
which defines the components of V¢, given by

VG = VCI;( a[( (26)

with K € {1,...,2N}. This flow, parameterized by 7, defines integral curves in the phase space along which G
remains constant satisfying

a6 oG, oG a:n
dr — 9r 9K dr

Since the only restriction placed on G is that it be differentiable at least once, equation shows that every
differentiable phase space function will have an associated flow in phase space. Consider now two differentiable
functions, G, and F', of the phase space variables. Associated with G and F' are the respective vector fields Vg and
V generating flows parameterized by 7o and 7p. Since G and F' are functions only of the phase space coordinates,
%—f = ‘Z\—f =0 for all 7. The Poisson bracket of G and F' is defined to be

(27)

[G,F] =dG (Vp) —dF (Vg) =w? (Va, Vi) (28)
and is often denoted
[G,F] = J"5 9, (G) 9k (F) (29)
with JE¥ defining the cosymplectic form. In canonical coordinates, the cosymplectic form is given by

0 I
1
JLK i (JLK _ JLK) — (30)
2 -1 0

and is the inverse of the canonical form defined by equation . The Poisson bracket, [G, F], calculates the difference
of a given phase space function, F', along the flow generated by G. In general, given two phase space functions, G and
F, the Poisson bracket will generate a third phase space function, [G, F] = C. The resulting phase space function, C,
is referred to as the commutation relation. When the phase space function, F', is constant along the flow generated
by G, [G, F]| = 0, the functions F' and G commute. The Hamiltonian, H, generates a Hamiltonian vector field, with
an associated flow which is parameterized by coordinate time, ¢. Using the Poisson bracket, the evolution equations
for the phase space coordinates, equations and , become

dz 0Oz
%:a+[z,H]:[z,H] (31)



In general, for some function F' of the phase space coordinates, z, which may have a dependence on the coordinate
time, ¢, the total time derivative of F' will take the form

dF  OF
p7aY + [F, H] (32)
Any function F' which is constant as the system evolves must satisfy, ‘Z—f = 0. In the case where the phase space
function F and the Hamiltonian, H, are time-independent, any F' which commutes with the Hamiltonian, [F, H] = 0,
will remain constant as the system evolves. The vector field generated by any phase space function, F', which commutes
with the Hamiltonian, H, will also be known as a Hamiltonian vector field, and will commute with the Hamiltonian
vector field generated by H.

For canonical phase space coordinates, (g, p), the commutation relations amongst the phase space coordinates are
[q", po] = 0F (33)

All other commutation relations amongst the phase space coordinates vanish. Consider the case in which the phase
space coordinates include 7, the parameterization of the flow associated to the phase space function G. The Poisson
bracket [r, G] yields

d
7,Gl=—7=1 34
[r.G] = = (34)
showing that G is the canonical momenta conjugate to 7. In general, when dealing with either canonical or non-
canonical phase space coordinates, the cosymplectic form, JX%, is defined by the commutation relations amongst the
phase space coordinates, z,

JEE = [ZL,ZK] (35)

In non-canonical coordinates, the elements of the cosymplectic form, JX¥, can be functions of the phase space
coordinates, JXX (z). Whenever the cosymplectic form, JE¥ | is invertible, the symplectic form, J;f, can be defined
as the inverse of JX¥ so that

JpJHE =6, K (36)

When a distinction is necessary, the canonical cosymplectic form will be denoted JéK . The equations of motion for
the phase space coordinates take the compact form

o
0zK

for both canonical or non-canonical phase space coordinates. In any phase space coordinates, given two phase space
functions, G and F, the symplectic form, w?, must map vectors over phase space to the dual space, equation ,
and must be closed, dw? = 0, equation . Using the definition of the Poisson bracket in terms of the symplectic
form, equation , and insisting that partial derivatives commute, so that dd = 0, the Poisson bracket must satisfy
the Jacobi identity

=gk (37)

[A,[B,C]] +[C,[A,B]] + [B,[C, A]] =0 (38)

for any phase space functions A, B, and C.

The dynamics generated by the Lagrangian, L, and Hamiltonian, H, will yield a unique extremal for the action,
but the Lagrangian and Hamiltonian are not unique themselves. Consider the addition of a total derivative, %,
to the Lagrangian. The modified Lagrangian, L' = L + %, can change the value of the action, S [q], but will not
change the extremal path as long as the total derivative which is added does not violate the boundary conditions of
equation . Similarly, in the Hamiltonian formulation, the addition of a total derivative, f%, to the Hamiltonian
will change the canonical action, S [q,p], by a boundary term, AF = F(t;) — F(tg), but will leave the extremal
path in phase space invariant as long as equation , expressed in phase space coordinates, remains satisfied. Using
the Legendre transformation, equation , and the boundary term generated by the variation yielding the extremal
path, equation , any total derivative added to the Hamiltonian, f%, leaving the equations of motion invariant
can be written as a canonical transformation. The function F' is called the generating function of the canonical
transformation and, including the canonical pair (¢, H) as phase space coordinates, satisfies

A(z) = A(z) — dF (2) (39)



with the new canonical coordinates, z, defined as functions of the initial canonical coordinates, z. Since the Poincaré
one form A (z) differs from the original Poincaré one form A (z) by an exact derivative, dF (z)), the Poincaré two form
remains unchanged

0% = dA (z) = dA () + ddF (z) = dA (2) (40)

Since the canonical form, 2, is preserved, by definition, the transformation from z to Z is canonical, whence F
generates a canonical transformation. The new canonical coordinates, z, are defined as functions of the initial
canonical coordinates, z, by

1 dzt
[1, F] =5 {zl — 2" e (de> JIK} (41)
so that F' must take the form
1
F=g / {" Ik d2® — 2M Iy d2"} (42)

showing that the coordinate transformation generated by F' must be an invertible transformation between the canonical
phase space coordinates z and z. Although the transformation generated by F' must be invertible, equation shows
that the generating function F' is only uniquely defined up to the addition of a constant multiple of any phase space
function C' satisfying dC' = 0, since the Poincaré one form, defining the phase space coordinates, will only be altered
by a term d (F + C) = dF, showing that F'+ C and F yield the same canonical transformation.

Using the canonical Hamiltonian, H, to generate canonical transformations yields

dH = 0 Hdz" = 3V (2) Jp i d2 (43)

which is exact. As a result, when the canonical Hamiltonian is independent of time, 0; H = 0, adding any constant
multiple of dH to the Hamiltonian one form, equation , will leave the canonical form invariant. Additionally,
canonical transformations of this form will also leave the extremal path invariant since the canonical Hamiltonian
H itself will remain unchanged. Interestingly, using equation , the evolution in phase space, equation ,
can be interpreted as a continuous infinitesimal canonical transformation generated by the canonical Hamiltonian,
H, multiplied by the constant infinitesimal dt. In general, any time-independent phase space function, G, which
commutes with the canonical Hamiltonian, H, for all time ¢ defines a constant of motion for the physical system.
Since the constants of motion, G¢, always commute with the canonical Hamiltonian, H, the physical content of the
theory will remain invariant under continuous infinitesimal canonical transforms generated each G¢. For example,
time-independent Hamiltonians satisfy, [H, H] = 0, and so H will be a constant of motion with the value of the
Hamiltonian, H, corresponding to the total energy of the system. In phase space coordinates, z, the infinitesimal
transformations generated by the constant of motion G¢ and infinitesimal constants, €, will be

bozl =€ [zL, Gc| (44)

Using the time-independent canonical Hamiltonian, H, as an example, H generates the familiar infinitesimal canonical
transformation

ozt =z2tdt = dt [27 H] (45)

In addition to the constants of motion, the one dimensional groups of canonical transformations generated by the
constants of motion, G¢, will also be invariant under all canonical transformations, and so correspond to physical
values which are called global symmetries of the physical system. Returning to the example of systems with a time-
independent canonical Hamiltonian, H yields the total energy, E, and generates the group associated with a global
symmetry under constant time translations corresponding to conservation of energy. This is the Hamiltonian form of
Naéther’s first theorem, which states that a general differential system will have one conserved quantity corresponding
to each continuous symmetry, with a continuous symmetry of a differential system defined by a continuous group of
transformations mapping the space of solutions to the differential system into itself [§].

B. Singular Legendre Transformations

Often physical systems will be described by a Lagrangian, L, which generates a Legendre transform, defined by the
map from T'M — T*M in equation , which is not a bijection. In this case, the map from the tangent to cotangent



bundle will be a singular Legendre transform, generated by a singular Lagrangian. When the Legendre transform is
singular, the square symmetric N x N matrix

_ 6 (0L _ 6pa
Tt =5 <6q'b) Rk (46)

will not have an inverse. As a result, some of the velocities, ¢, will not be expressible as functions of the phase space
coordinates, (q,p). The rank of T is given by the dimension of the maximal square symmetric submatrix of T which
is invertible, and is equal to the number of linearly independent columns of T. The rank of T, given by the integer
M with M < N, is assumed to be constant throughout phase space allowing M of the momenta to be inverted in
terms of M velocities. The remaining N — M momenta, which are not invertible, will take the form

Pc (q7 f)) = ¢ (qa p (q7 q)) (47)

for phase space functions ¢.(q, P (q,q)) which are independent of the N — M non-invertible velocities ¢°. If the
functions ¢, were to depend on the non-invertible velocities, ¢¢, then equation would yield an invertible relation,
in contradiction with the assumption that the rank of T is M. Under an appropriate change of coordinates on the
tangent bundle, the matrix T can be brought into block form with the maximal invertible subblock given by the
M x M square symmetric matrix O. In these coordinates, the Lagrangian will take the form

L= q"Oupd" + Aad® + ¢c4° + B (q) (48)

where a,b € {1,..., M}, ¢ € {1,...,(N—M)}, and B(q) is independent of any velocities, ¢. The terms in
equation which are linear or independent of the velocities, A,¢* and B (q) respectively, will not affect the
rank of T, and therefore will not affect the maximal invertible subblock, O. From equation 7 the velocities ¢°¢
will appear at most linearly in the Lagrangian, suggesting that there is a transformation to coordinates in which the
N — M phase space functions, ¢., vanish. In these coordinates T will take the form

0 O
Tab = ib (6L> = (49)
g \ 6¢g® 0 Ouy

with O the M x M maximal invertible subblock of T. The form of equation suggest that such a coordinate

transformation can be accomplished by adding a total derivative, %, to the action which satisfies

dF _OF OF , OF , .
E_E—Faq“q —1-?(1 += =0 (50)

for some function F' of the tangent bundle coordinates, (q,q). In phase space coordinates

d£_8£+8F ya N, —
dt ot 8qaq apbpb_

_¢cqc (51)

The addition of a total derivative satisfying equation will yield a Lagrangian, L' = L + %, which generates
N — M canonical momenta of the form

Since these expressions for the momenta, p. = 0, have been derived using a specific coordinate system, it is not possible
to drop the N — M momenta from the phase space without restricting the permissible canonical transformations, and
consequently fixing the value of the boundary terms present in the action. In particular, a given solution in phase
space was shown to evolve under a continuous set of canonical transformations which are generated by the canonical
Hamiltonian, H, consequently, the form of the non-invertible momenta is not even guaranteed to be invariant as the
system evolves.

C. Constraints in the Hamiltonian Formalism

Equations expressing relations amongst the solution space coordinates which must be preserved by the dynamics
are constraints. In the Lagrangian formulation, constraints are introduced through equations of constraint, taking the



form f(q,q) = 0, and are imposed by modifying the Lagrangian to include multiples of the equations of constraint.
These multiplying factors are known as Lagrange multipliers and take values such that the equations of constraint
hold. A constrained Lagrangian, L¢, with Lagrange multipliers, A4, and constraints, f4 (q,q) = 0 takes the form

Lo=L+XMfa (53)

with L denoting the unconstrained Lagrangian. Constraints which uniquely determine the Lagrange multiplers are
holonomic. Constraints which are not holonomic are non-holonomic and do not uniquely determine the Lagrange
multipliers. The equations of constraint establish relations amongst the N configuration space coordinates, q, and
the velocities, q, reducing the dimension of the space of solutions. For holonomic constraints, all Lagrange multipliers
are uniquely determined, whence the equations of motion can be inverted to yield the equations of constraint. Solving
both the equations of motion and equations of constraint simultaneously, the dimension of the configuration manifold,
M, can be reduced by one for each constraint present, reducing the tangent bundle, TM, by two dimensions. Non-
holonomic constraints are not able to reduce the space of solutions since the undetermined Lagrange multipliers
present do not restrict solutions to the equations of motion to a submanifold of the tangent bundle which is itself a
tangent bundle to some reduced configuration space. In the Hamiltonian formulation, for each holonomic constraint
present, one degree of freedom is removed from the phases space. When moving to the Hamiltonian formulation from
the Lagrangian formulation when non-holonomic constraints are present, the Lagrange multipliers are not uniquely
determined by the equations of motion and must be accounted for in the phase space coordinates, therefore non-
holonomic constraints do not allow the phase space to be reduced.

In the Hamiltonian formulation, the canonical Hamiltonian, H, derived from the constrained Lagrangian,
equation , will generate dynamics, consistent with solutions to the Euler-Lagrange equations, which preserve
the constraints f4 (q,q(q,p)) = 0. If the canonical Hamiltonian, H, is derived from a singular Lagrangian, the
N — M expressions of equation can be expressed as the N — M constraints

with ¢. being a function of the invertible phase space coordinates. Constraints imposed on the phase space coordinates
resulting from a Lagrangian formulation generating a singular Legendre transform are known as primary constraints.
Using the definition of the canonical momenta, equation , the constraints of equation must be generated
by a Lagrangian which is at most linear in the non-invertible velocities, ¢°. Since the Lagrangian can not involve
terms which are quadratic in the non-invertible velocities, ¢¢, the resulting Euler-Lagrange equations generated by
extremizing the action, S, can not completely determine the dynamics for ¢°. Transforming to the coordinates derived
in subsection in which all N — M non-invertible momenta vanish, equation , the Lagrangian, L, will be
independent of the non-invertible velocities, ¢¢, yielding the constraints p. = 0. In these coordinates, the N — M
configuration space variables, ¢¢, will have velocities which do not appear in the Lagrangian, and so must generate
N — M Euler-Lagrange equations of the form

OL doL 0L 6L

Xc(qyfl)szff.czach:(sqczo (55)

revealing that the Lagrangian will be independent of the variables ¢¢ as well as the velocities ¢°. Since the Lagrangian
is independent of the variables ¢¢ and velocities ¢¢, the dynamics leaves these values undetermined. The dynamics
generated must satisfy equation , thereby defining N — M more constraints, in addition to the N — M primary
constraints, which are inherent in the system. Continuing to work in the coordinate system in which the Lagrangian,
L, is independent of the coordinates (¢¢, ¢¢), define a new Lagrangian, L', as the value of the Lagrangian L evaluated
with all undetermined terms set equal to zero, ¢¢ = ¢° = 0. The Lagrangian L can then be expressed as

Liq,q) = L'[q,d] + ¢“xc [a, 4] + ¢°pe [a, 4] (56)

modulo terms which do not affect the Legendre transform or the dynamics. The form of L in equation shows
that the 2(N — M) coordinates, (¢, ¢°), act as undetermined Lagrange multipliers for the 2(N — M) non-holonomic
system. Although these results were derived in a coordinate system in which the Lagrangian is independent of the
configuration space variables ¢¢ and velocities ¢¢, no canonical transformation can remove the 2(N — M) undetermined
functions present in the formulation. Consequently, all primary constraints in the Hamiltonian formulation will be
the direct result of non-holonomic constraints present in the Lagrangian formulation.

In order for the primary constraints to be satisfied under the evolution generated by the canonical Hamiltonian,
all of the constraints must commute with H, since only then will they continue to vanish as the system evolves.
Furthermore, as shown in subsection , the form of the primary constraints can change as the result of a canonical
transformation and so should be designated distinctly from statements which retain their form under all acceptable
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canonical transformations. In order to avoid confusion with statements which remain true throughout phase space,
the symbol = is used for weak equalities, which are equations that will be true only when all constraints are satisfied.
Weak equalities are not valid throughout phase space since they will be true only while the evolution satisfies the
constraints, whence they can not be used to reduce the dimension of the phase space directly. The primary constraints
are only weakly equal to zero and so will be expressed as

Pe~ 0 (57)

The requirement that the primary constraints commute with the canonical Hamiltonian leads to consistency
constraints which take the form

[pe, H] = X (q,P) = 0 (58)

and must weakly vanish in order for the primary constraints to be satisfied as the system evolves. The constraints,
Xe =~ 0, generated by the primary constraints are often referred to as secondary constraints. Constraints which are
weakly equal to zero are said to be weakly vanishing, and two phase space functions which generate a weakly vanishing
commutation relation weakly commute. A constraint or commutation relation which is identically zero is called strongly
vanishing. Strong equalities are valid throughout phase space, whether or not weak equalities are satisfied, and will
be denoted with the standard equal sign.

The process of finding consistency constraints must be continued until the set of all consistency constraints, along
with the primary constraints, vanish. That is, if x. % 0 after all weak equalities are evaluated then y. must generate
a further constraint on the system

Xe = [Xes H] = Xc (q,P) = 0 (59)

When a complete set of constraints is found such that all constraints generated by the N — M primary constraints,
pe =~ 0, along the flow in phase space generated by the canonical Hamiltonian weakly vanish, no further constraints
are present. The complete set of all constraints, primary and all consistency constraints, imposed on the system will
be denoted

CA = {pCaX(MX;)v"'} (60)

with the label A running over all constraints. The submanifold of phase space on which all constraints vanish defines
the constraint manifold. If all constraints are necessary to define the constraint manifold uniquely, then the set of
constraints is irreducible, otherwise the set of all constraints will be reducible. Reducible sets of constraints will not
all be independent, allowing some constraints to be written as vanishing functions of the remaining constraints. For
all examples considered here, the set of all constraints will be irreducible and will contain each of the primary first
class constraints, p. &~ 0, which will generate a single consistency constraint, x. ~ 0, that weakly commutes with the
canonical Hamiltonian. These physical systems will have a total of 2(N — M) weakly vanishing constraints defining
a constraint manifold with 2N — 2(N — M) = 2M dimensions.

The distinction between primary and consistency constraints, as pointed out by Dirac [0, is relatively unimportant
compared to the distinction made between constraints which have a weakly vanishing commutation relation with all
other constraints and those which have a non-vanishing commutation relation with at least one other constraint.
Constraints which commute with all other constraints are first class, while those which have a non-vanishing
commutation relation with at least one other constraint are second class. For all examples considered here, all
primary and consistency constraints generated by the Lagrangian will be first class. The first class constraints, C4,
of a theory will be closed under the Poisson bracket, satisfying

[C4,CB] =T55Cc ~0 (61)

with TG defining the structure coefficients. The commutation relations amongst the first class constraints is known
as the first class constraint algebra, often shortened to just comstraint algebra when no second class constraints are
present. When the constraint algebra is defined by structure coefficients which are constant matrixes, the I'G 5 are
known as the structure constants. First class constraints which generate structure coefficients that are not constant
matrixes but rather functions of the phase space variables are sometimes also referred to as business class constraints.
All properties derived here for first class constraints will also to apply to business class constraints, so no distinction
will be made. Any phase space function, G, satisfying

[G,CA] ~0 (62)
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for all first class constraints is referred to as a first class function. In particular, the canonical Hamiltonian, H, used
to derive the consistency constraints will be a first class function, satisfying equation , and is referred to as the
first class Hamiltonian, Hrc. The first class Hamiltonian, Hpe, will always be assumed to be time-independent,
satisfying [Hpc, Hre] = 0. As a result, all first class constraints must also be time-independent in order to commute
with the first class Hamiltonian as the system evolves. The first class Hamiltonian will then be associated with the
total energy of the system, and symmetry under global time translations will correspond to conservation of energy.
It is important to note that the first class constraint algebra, equation , is assured to close only on the constraint
manifold, where all constraints vanish, so it does not make sense to talk about the first class constraint algebra
elsewhere in phase space. It is also true that first class functions are only defined on the constraint manifold, and in
general will have non-vanishing commutation relations with the first class constraints elsewhere in phase space. This
includes the first class Hamiltonian, Hpc, which generates the dynamics. As a result, the phase space dynamics will
only be meaningfully defined for systems which remain on the first class constraint manifold.

D. Gauge Freedom and the Extended Hamiltonian

Consider the first class Hamiltonian, Hg¢, derived in coordinates in which the primary constraints take the form
pe = 0. The primary constraints, p. ~ 0, can not be present in the first class Hamiltonian, Hp¢, since the theory does
not provide canonical evolution equations for the configuration space variables ¢° which are conjugate to the vanishing
momenta. Since the first class Hamiltonian, Hpc, is a first class function, any multiple of first class constraints can
be added to the Hamiltonian without modifying the constraint manifold or constraint algebra. The addition of some
combination of the first class constraints to the first class Hamiltonian corresponds to a change in the undetermined
multipliers of the non-holonomic constraints in the Lagrangian formulation. Therefore, the physically meaningful
content of the theory will remain unchanged whether the dynamics are generated by the first class Hamiltonian, H ¢,
or a Hamiltonian defined by the addition of some combination of the first class constraints, C4, to the first class
Hamiltonian. These observations led Dirac to introduce the total Hamiltonian

Hr = Hrc + A°pe (63)

with the coefficients of the N — M primary constraints, given by the N — M undetermined Lagrange multipliers A¢,
providing dynamical equations for the configuration space variables ¢¢. Although the total Hamiltonian, Hp, will
provide evolution equations for all phase space coordinates, it is not the most general extension to the first class
Hamiltonian, Hgc, since the variables ¢°, which multiply the secondary constraints, x. ~ 0, are no longer completely
arbitrary, having their velocities specified by the Lagrange multipliers A°. The most general extension to the first class
Hamiltonian, Hpc, must then include contributions from all first class constraints, C 4, with undetermined Lagrange
multipliers, \*, yielding the extended Hamiltonian

Hp = Hpc +MCa (64)

On the first class constraint manifold Hg ~ Hp ~ Hpc, so the first class Hamiltonian, total Hamiltonian, and
extended Hamiltonian will all yield the same physical results. Since the value of first class functions will agree for
the dynamics generated by either the first class Hamiltonian, Hpc, total Hamiltonian, Hp, or extended Hamiltonian,
Hpg, physically meaningful quantities must be first class functions so that the addition of terms involving the first
class constraints will not affect their dynamics. These physically meaningful quantities are called observables, which
are defined to be non-vanishing first class functions of the phase space variables. As an example, when the Lagrangian
is not singular, the theory has no first class constraints and so all phase space coordinates represent physically
meaningful content. Transformations of the phase space coordinates which leave the observables invariant define
gauge transformations with the group of all gauge transformations defining the gauge group. The ability to perform
gauge transformations amongst the canonical phase space variables is known as gauge freedom. In the extended
Hamiltonian, the gauge freedom of the theory is embodied in the undetermined multipliers A* which can be any
function of the phase space coordinates, z, as well as the coordinate time, .

Consider an infinitesimal canonical transformation generated by some sum of first class constraints, C 4, multiplied
by infinitesimals, €, defining

GO = GACA ~0 (65)
The generating function G will satisfy

[Go, Hrc| = [Go, Hr| = [Go, HE] = 0 (66)
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for all values of €, including arbitrary functions of the phase space coordinates and coordinate time, ¢, and the
infinitesimal variation vector in phase space generated by Gy will have components

ozl = [2X, Go] (67)

Because G is a weakly vanishing function of the first class constraints it will weakly commute with all first class
functions, whence the variation 6z must leave the constraint manifold and all observables invariant. Since this must
be true for any value of €4, the collection of all first class constraints, C4 ~ 0, define the generators of gauge
transformations.

E. Gauge Fixing and the Dirac Bracket

When two phase space functions G and F' have a non-vanishing commutation relation throughout a neighborhood of
phase space, thereby satisfying [G, F] # 0 for all z in some neighborhood of zy denoted by Uy, then the commutation
relation can be inverted to define a surface in phase space with coordinates on the surface defined by the value of the
functions G and F' in the neighborhood Uy. For example, any canonical pair (¢%,p,) will generate the commutation
relation [¢%, p,] = 1, which is independent of the value of the phase space coordinates themselves and therefore valid
throughout phase space, and, somewhat trivially then, the commutation relation can be inverted to define a surface
in phase space with coordinates on the surface given by the values of ¢* and p,. The ability of two phase space
functions, F' and G, which generate an invertible commutation relation to act as the coordinates of a surface in phase
space is related directly to the non-vanishing of their Lagrange bracket defined as

n n
(6= D000 _ 0000 -
0G OF  OF 0G

In order for G and F' to act as surface coordinates, at least for some neighborhood Uy, the Lagrange bracket must not
vanish, {G, F'} # 0 for all z € Uy. Consider then two phase space functions, G and F, which may or may not generate
a nowhere vanishing commutation relation, along with two constraints, C' = 0 and A = 0, defined throughout the
neighborhood Uy, which have a nowhere vanishing Lagrange bracket, {C, A} # 0. It is then possible to construct a
bracket which, in the neighborhood Uy, yields the value of [F, G| restricted to the surface C = A = 0 by removing the
components of the phase space flow along both F' and G which project onto the surface defined by C' = A = 0. This
bracket, denoted [-, ], of any phase space function, F', with either constraint, A or C, must satisfy

[F7 C]D = [Fv A]D = [Gvc]D = [Ga A]D =0 (69)
for any F,G in the neighborhood Uy, and must also satisfy the Jacobi identity

[Ea [FaGHD—‘_[Ga [EaF]]D+[F7 [GaE]]D:O (70)
for any phase space functions E, F' and G. The generalization of the Poisson bracket which manifestly satisfies the

constraints imposed on the Hamiltonian system, satisfying equations and , is known as the Dirac bracket.

For a collection of 2L constraints, S = {81,...,821}, which are surface forming in some neighborhood Uy, the Dirac
bracket of any two phase space functions G and F will be

[F,G],, = [F,G] — [F,Sp| 674 {Sa,Sp} 657 [Sg, G] (71)

It should be clear that the number of constraints, 2L, must be even in order for the collection of constraints to
be surface forming, otherwise the resulting bracket will not be symplectic, and thus will not satisfy equation .
Furthermore, because the surface is defined throughout some neighborhood of phase space by the vanishing of the
constraints, S4 = 0, the constraints must be strongly vanishing since weakly vanishing constraints are defined only on
the constraint manifold. The requirement that the Lagrange bracket of the constraints nowhere vanish is a requirement
that the constraint commutation matriz defined by

Dap = [Sa,SB] (72)
be invertible. The relation between the constraint commutation matrix and the Lagrange bracket of the constraints

satisfies

2L

> {84,885} Dpc = dac (73)

B=1
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When the constraint commutation matrix, equation , is invertible, the Dirac bracket, equation , for any
arbitrary phase space functions F' and G, will be given by

[F,G], = [F,G]~ [F,S4] D*?[Sp,G] (74)

where DAB denotes the inverse to the constraint commutation matrix of equation . In particular, for any phase
space function F', the Dirac bracket yields [F,Sa], = 0 for any of the 2L constraints Sy = 0, showing that [-,-]
satisfies equation .

When dealing with gauge theories, the first class constraints will generate a vanishing constraint commutation
matrix on the constraint manifold, because the first class constraint algebra is closed, and therefore can not be
used to construct a Dirac bracket. This will be true only on the first class constraint manifold, but the theory
offers no natural way to define the commutation relations amongst the first class constraints off of the constraint
manifold. Consider a minimal set of second class constraints, S4, imposed upon the system in order for the constraint
commutation matrix generated by the set of all first class and second class constraints to be invertible. Because
the first class constraints weakly commute amongst themselves, it will be necessary to impose a minimum of one
independent second class constraint for every independent first class constraint present. Assuming a minimal set of
second class constraints, S4, has been found the constraint commutation matrix of all second class and first class
constraints can be inverted. For a gauge theory with L first class constraints, denote the set of all constraints, second
class and first class, as

D={C,...,C,S1,..., 8.} (75)

with components, D4, having an index, A, which runs over all 2L constraints. Once a minimum set of second class
constraints have been found, the constraint commutation matrix, Dap = [Da, Dp|, will be invertible and the resulting
Dirac bracket will generate evolution equations for the original canonical phase space coordinates, z, given by

[z, Hrclp = [z, Hrc| — [2,Da] DAP [Dp, Hrc (76)

The evolution equations for the canonical phase space coordinates, z, will be identical to those generated by the
Hamiltonian

Hp = Hpe + ADy (77)
with Lagrange multipliers, A, given by
A* = DAP [Dp, Hpcl (78)

This result shows that imposing a minimal set of second class constraints on the system, thereby allowing the constraint
commutation matrix generated by the set of all first class and second class constraints to be inverted, uniquely fixes
all of the undetermined multipliers present in the extended Hamiltonian, Hg. Once all Lagrange multipliers have
been uniquely fixed, no gauge freedom will remain, as can be seen by considering any variation, oz, generated by any
first class constraint using the Dirac bracket. Such variations will satisfy

bz = |z, eACA]D =0 (79)

because the Dirac bracket satisfies equation . The process of removing all gauge freedom is called gauge fizing,
and equation shows that, with an appropriate choice of second class constraints, the Dirac bracket can be used
to yield a gauge fixed system.

The commutation relations amongst the original set of canonical variables, when restricted to the constraint manifold
defined by D4 = 0, will necessarily change since the phase space has been reduced. The new commutation relations
which restricted to the constraint manifold will be generated by the Dirac bracket yielding

[ZL,ZK]D = [ZL,ZK] + [ZL,DA] DAB [’DB,ZK} (80)
These commutation relations yield the cosymplectic form, J*X (z), as defined by equation , of the phase space
which is restricted to the constraint manifold. Since the Dirac bracket satisfies the Jacobi identities, the constraint
manifold will be a symplectic manifold with the inverse of the cosymplectic form, JE¥ (z), defining the symplectic form,
w?, restricted to the constraint manifold. Once the gauge has been fixed, the remaining freedom in the system will
correspond precisely to the physical degrees of freedom. For example, when the first class constraint algebra is defined
by N — M independent primary constraints, p. =~ 0, which each generate a single independent secondary constraint,
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Xe ~ 0, yielding a total of 2(N — M) first class constraints, it will be necessary to impose 2(N — M) independent
second class constraints, yielding 4(N — M) total constraints, in order for the set of all constraints to yield an invertible
constraint matrix. Once a surface in phase space has been constructed from all 4(N — M), the reduced phase space
on which all 4(N — M) constraints are satisfied will have dimensions 2N — 4(N — M) =4M — 2N = 2D. A theorem
by Darboux, [7], proves that all symplectic manifolds are locally equivalent, therefore the constraint manifold can be
given a local coordinate system at any point which can be written as D canonical pairs, and so the system is said to
have D degrees of freedom.

When working with a field theory rather than a discrete system, the requirement on the commutation relations
amongst the constraints in order for the constraint commutation matrix to be invertible becomes

/d4x’ {DAB (z,2") [Dp (z"),Dc (2)]} = /d4x’ {DAB (z,2") Dpc (2/,2")} = 68 6 (z,2") (81)

where 0 (z, ') is the Dirac delta function. In general, the constraint commutation matrix for field theories, Dap (x, 2'),
will involve differential operators so that the inverse will be an integral operator. In a field theory then, for an invertible
constraint commutation matrix, Dap (z,2’), the Dirac bracket between two arbitrary phase space functions, F' and
G, will be

F@).G@)p = [F@.G@) - [ae” [da (F2).Da@) DY @"a") [Pa (@), G @) (52)

Just as in the finite dimensional case, the undetermined multipliers of the Hamiltonian Hp, defined in equation ,
satisfy

A () = / d'a’ (DA (2,2') [Dp (a!), Ho) ) (83)

showing that each A4 (z) will have a coordinate dependence.

F. Synopsis of Gauge Systems in General

Insert standard filler comprised of conclusions that can be drawn from this subsection.
Insert background facts for the development of gauge theories, and outline why gauge fixing is important.

The Dirac bracket and canonical gauge fixing formalism were originally developed through the pioneering works of
Dirac and Bergmann in an effort to quantize gravity, [10],[11].

Insert some conclusions for each subsection here.

III. STABILITY

This section covers the stability of Hamiltonian formulations of gauge theories.

In subsection ([ITA)), pfaffian systems, solution manifolds, and integrability are introduced for general Hamiltonian
formulations with constraints.

In subsection ([ITB]), the vector space V, defined in subsection , is decomposed into gauge invariant subspaces.
In subsection (III(C)), it is proven that any Hamiltonian formulations in which the gauge has not been fixed will fail
to be integrable. In this subsection, it is also proven that Hamiltonian formulations of gauge theories which are
completely gauge fixed will be integrable.

In subsection , hyperbolicity and well-posedness for Hamiltonian formulations of gauge theories are examined.
In this subsection it is shown that gauge fixed Hamiltonian formulations will be strongly hyperbolic, while Hamiltonian
formulations containing gauge freedom can be at best only weakly hyperbolic. In subsection , a geometrically
motivated method for removing numerical error from Hamiltonian formulations of gauge theories is introduced.
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A. Pfaffian Systems and Integrability

Consider now a general theory defined on some manifold, M, with IV variables, {zI }, and M constraints, C4 (z) = 0.
Although the M constraints can be written as C4 (z) = 0, at some point z € M, the system actually evolves along some
path in the tangent bundle, T M. As a result, it is natural to write the M constraints as M linearly independent one
forms, 4, belonging to the cotangent bundle, 4 € T* M, and to consider the possible solutions for the constrained
system to be the space of evolution vectors, tangent to M, to be the vectors V € T'M satisfying

64 (V) =0 (84)

for all M one forms #4. The M linearly independent one forms #4 € T* M are called Pfaffians, and the vector space
defined by

A={VeTM|o*(V)=0V 0"} (85)

is called a distribution for smooth vector fields V € T M. The linear independence of the M Pfaffians, 64 means that
in an open neighborhood of any z € M, the M Pfaffians must satisfy

M
N 04 =0" A A0 £0 (86)
A=1

A theory with constraints defined by a collection of Pfaffians is called a Pfaffian system. For a theory with N
independent coordinates, {ZI }, and M constraints, C4 = 0, the distribution A and will have N — M dimensions. An
integral manifold, ¥, for a distribution A is defined as a submanifold of M,

iY e M (87)
which is everywhere tangent to the distribution. allowing the integral manifold to be defined as
Y={z(z2) eM |V (i(z)=V'0,2 (2) =0V V €A} (88)

Since each Pfaffian is independent, an integral manifold 3 can have most N — M dimensions. Since X is everywhere
tangent to the distribution, A, the pullback of each Pfaffian, #4 € T* M, must satisfy

* (04 =0V 64 (89)

If the Pfaffian one forms, 84, do not satisfy equation , then dual to every i* (§) # 0 € T*%, would be a vector,

V € T'Y, which would not belong to the distribution, A, whence ¥ can only be an integral manifold if i*#4 = 0.
Consider the space of all p-forms over M, written QP (M), the space of all exterior forms over M, Q* (M) =

@ffvzo QF (M), and the map,
d: QP QP (90)

satisfying dd = d?> = 0, which defines the exterior derivative. Since the M Pfaffians #4 € Q! (M) must satisfy
equation , the wedge product of p Pfaffian one forms must form a basis in QP (M) for the space of all p-forms
over M residing in the kernel of the pullback i* : QP (M) — QP (). In order for the space of all exterior forms in the
kernel of the pullback i* : Q* (M) — Q* () to be preserved under the map d, equation , the Pfaffian one forms
must satisfy

dot = —w g AP (91)

since, for any map j : N' — M, the exterior derivative, d, commutes with the pullback, j* : * (M) — Q* (V). The
property that the exterior derivative, d, commutes with the pullback of an differentiable map, j, yielding the relation

j*od=doj* (92)

is extremely useful and is a direct consequence of the exterior calculus; it will be true for any exterior derivative,
d, and differentiable map j [1], [7], [12],[3]. If d64 satisfies equation , the set of M Pfaffians one forms define a
differential ideal

7= {eA}diff (93)
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also written as dZ C Z. Since the distribution, A, equation , is defined by the Pfaffian one forms, equation
can also be expressed as

dot (X, Y) =X {04 (Y)} - Y {04 (X)} - 04 (X, Y]) = -0 (X, Y) =0V X, YeA (94)

which is a statement about the closure of the distribution under the Lie bracket. Since X,Y € A, the Pfaffian one
forms, 84, can only form the basis for a differential ideal if the distribution, A, is a closed vector space, meaning that
the Lie bracket of any two vectors X, Y € A must satisfy

X, Y]=ZeA (95)

Because the distribution, A, was defined for smooth vector fields only, the Lie bracket is well defined for all vectors
X,Y € A. When equation is satisfied, the distribution is said to be in involution, a property often expressed as
[A,A] C A

A Pfaffian system is integrable whenever there exists an N — M dimensional integral manifold, 3, called a mazimal
integral manifold, defined in M by M coordinates C* = 0. Pfaffian systems which are not integrable are called
nonintegrable systems. From equation (??), all M Pfaffian one forms, #4, must be vanishing closed forms when pulled
back to the integral manifold, 3, which, from equation , allows each Pfaffian one form, #4, to be expressed as a
locally exact one form

it (04) =i (dc*) =d i* (C*) =0 (96)

whenever the distribution, A, is in involution. Integrating equation , the M constraints C* must be constant in
M, since each belongs to the kernel of the pre-image, i ! : M — X, a consequence equations and . Whence
a Pfaffian system will be integrable whenever the distribution, A, is in involution, or equivalently, whenever the M
linearly independent Pfaffians form a basis for the differential ideal, Z; a result originally proven by Frobenius [I,[13].

As a consequence of equations , if the M Pfaffians, 64, do not form a differential ideal, Z, the M constraints,
CA =0 € Q°(M), can not define an N — M dimensional maximal integral manifold, ¥, in M. This is a direct
result of equation 1) since if the M Pfaffians, i* (9‘4) € T*¥, do not form a differential ideal, 84 will not be locally
closed and therefore can not yield a set of M vanishing exact one forms in 7*X. This means that for non-integrable
systems, there can be no guarantee that the constraints C4 (z) = 0, expressed as functions on M, will be preserved,
even locally, as the system evolves.

B. Gauge Invariant Vector Spaces

In order to facilitate the examination of the integrability of Hamiltonian formulations of gauge theories provided in
subsection 7 it will be useful to derive certain gauge invariant vector spaces as subspaces of the tangent bundle,
V, and cotangent bundle, V* | of the phase space in which the Hamiltonian formulation is defined. Throughout
this section, a gauge invariant vector space will be used to describe a vector space which is preserved under gauge
transformations. This does not mean that elements of the vector space will be preserved under gauge transformations,
only that any gauge transformation will define a bijective map from the vector space to itself. Determining the gauge
invariant vector subspaces of the tangent bundle, V = T'M, defined for a canonical 2N dimensional phase space, M,
will motivate the need to introduce second class constraints, thereby fixing the gauge, allow gauge transformations
in phase space to be projected onto transformations in each gauge invariant subspace, and allow general phase
space transformations to be expressed as the sum of a gauge transformation and a transformation which can not
be expressed as a gauge transformation, corresponding to constraint violations. In subsection , a numerical
method for projecting out constraint violating transformations will be introduced.

As shown in subsection , Hamiltonian formulations of gauge theories generate a set of first class constraints,
C4 ~ 0, which vanish on the constraint surface and commute weakly with one another as well as with the canonical
Hamiltonian, H. As a result, there will be a Hamiltonian vector, subsection , associated with each first class
constraint, C 4, given by

CBEOI Ba]E5BAJKI (9KCA 8[ (97)
so that

acr = 1

= dZ—LdzL = 61802 (Cp, ) = 648CT 5 Jix d2 (98)
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The Hamiltonian vectors generated by first class constraints, C 4, will be referred to as first class Hamiltonian vectors.
For notational convenience, the vectors Cg have be expressed with the constraint index, B, lowered. Since the set of
first class constraints is assumed to be irreducible, the first class Hamiltonian vectors must be linearly independent.
In addition to being linearly independent, each first class Hamiltonian vector, Cpg, must be tangent to the constraint
manifold since

Cp(Ca)=CEOKCs=1[CB,Cal =0 (99)
Using equations and , the Lie bracket of any two first class Hamiltonian vectors, Cp and C4, will be

[C4,Cp] =Ca(Cp) — Cp(Ca) (100)
= (CXoxCE — CRoKCh) oy,
=—J""9, (TGpCc) 0L =0

showing that the first class Hamiltonian vectors commute on the constraint manifold. There should be no confusion
between the Lie bracket, which acts on vectors, and the Poisson bracket, which acts on functions.

Since the first class Hamiltonian vectors are all independent and the Lie bracket of any two first class Hamiltonian
vectors vanishes on the constraint manifold, the first class Hamiltonian vectors form a basis on the constraint manifold
for a vector space which is a subspace of all vectors tangent to the constraint manifold and which is invariant under
all gauge transformations. For a gauge theory with 2(IN — M) first class constraints, {CA}, embedded into a 2N
dimensional phase space, M, define the vector space over the basis of 2(N — M) independent first class Hamiltonian
vectors, {Ca}, to be

Vo ={X=X2Cs| X" e M} (101)

The vector space Vg, restricted to the constraint manifold is a closed subspace tangent to the constraint manifold,
and so must be invariant under gauge transformations because the constraint manifold itself is gauge invariant. In
addition to Vg it is useful to define the dual vector space

Vo= {Y =VaW4 | vy e M} (102)

over the basis, W5 satisfying
WE(Cy) =68 4 (103)

The one forms, w3 , defined in equation 1) will be referred to as first class Hamiltonian one forms. Since V( is
dual to Vg, when restricted to the constraint manifold V£ must also be invariant under all gauge transformations.

Using equation @), the components of W5 € V* must satisfy

WE(CA)=WE g CL 4 dzB(0L) =WE  CK 4, =68 4 (104)
Although the symplectic form, w(®
equation 7 there is in general no canonical way to express the first class Hamiltonian one forms W% € V*, as

exact one forms in V*. Expressing the first class Hamiltonian one forms uniquely as exact one forms would require
unique phase space functions, w?, satisfying [wB,CA] = 648 5o that WP = dw®. Since the first class constraints

, maps the first class Hamiltonian vectors, C4 € V), to exact one forms in Vg,

are constant on the constraint manifold, the phase space functions, w?, must also be constant, and therefore would
function as second class constraints. Although there is no canonical way to express the first class Hamiltonian one
forms as exact forms in phase space, 2(N — M) independent one forms satisfying equation will always exist.

In addition to the vector space Vg and dual Vg, it will be useful to define the vector space, V, C V, which is the
space of all vectors X € V orthogonal to the constraint manifold. Using the expression for the components of the first
class Hamiltonian one forms, equation , along with the canonical symplectic form on M, the space of vectors
orthogonal to the first class constraint manifold, V', , will be defined over the basis vectors

YE=Ww?P , JELy, (105)
so that

V= {W=WiY" | W4eM} (106)
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Using the definition of the first class Hamiltonian one forms, equation (103), and first class Hamiltonian vectors,
equation , each YZ must satisfy

Y4 (CB) =W x JEE 9,08 = 645 (107)

for one, and only one, first class constraint, so will be referred to as first class orthogonal vectors. The orthogonal
vector space V| will have a dual space

Vi={X=x"25| X" eMm} (108)
defined over the basis one forms, Zp satisfying
Zp (Y*) =0 5 (109)
Using equation , the basis one forms Z g can be expressed as exact one forms
Zp =d,p dC* (110)

The one forms Zp are dual to the first class orthogonal vectors and so will be called first class orthogonal one forms.
From equation , all first class orthogonal one forms must vanish as the system evolves in order for the evolution
to remain on the first class constraint manifold, defined by the vanishing of the first class constraints. Since there
is no canonical expression for the components of the first class Hamiltonian one forms, there can be no canonical
expression for the components of the basis vectors for V. Since the first class constraint manifold, defined by the
vanishing of the first class constraints, C* ~ 0, is gauge invariant, the vector space V| and dual vector space V7 must
also be gauge invariant.

As a result of equation , the vector spaces V; C V and Vg C V must be disjoint gauge invariant proper
subspaces of V. Since the physical content of any gauge theory must reside on the constraint manifold, be invariant
under gauge transformations, and must evolve without violating any of the first class constraints, the space of vectors
tangent to the physical observables must also form a vector subspace, Vp C V, which is orthogonal to both Vg and
V. . Define the space of vectors tangent to the physical observables, Vp so that V decomposes as

V=Vp@®Ve® V1L (111)

Since V is the sum of disjoint vector subspaces which are invariant under gauge transformations, each vector subspace
will be tangent to a subspace of M which will be mapped to itself under gauge transformations. As a result, the
canonical phase space M is also decomposable into a direct sum of disjoint subspaces

M=Mp& Mge M, (112)

which are invariant under gauge transformations. Since the tangent space to each subspace of M is gauge invariant,
the dimensions of each the subspaces Mp, Mg, and M| must be equal to the dimension of the tangent subspaces
Vp, Vg, and V) respectively. Counting the independent basis vectors for each vector subspace yields

dim (Mg) = dim (ML) = 2(N — M) (113)
dim (Mp) = dim (M) — 4(N — M) = 2N — 4(N — M) = 2D

which is in agreement with subsection (IIE) where it was shown that any gauge theory with 2(N — M) first class
constraints will have 2N — 4(N — M) = 2D gauge invariant physical variables corresponding to D degrees of freedom.

C. Integrability of Gauge Theories

Consider the Hamiltonian formulation of a gauge theory with D degrees of physical freedom expressed in a 2N
dimensional phase space, M, with coordinates, {zI } As shown is subsection @, the canonical Hamiltonian
formulation of a gauge theory with D degrees of freedom will have 2(N — M) first class constraints, C4 ~ 0, and
2(N — M) undetermined multipliers corresponding to the available gauge freedom. In order to show integrability for
this system, as defined in subsection (III A)), it is necessary to show that there exists a map from the 2N .dimensional
phase space M, with coordinates {z , to a 2N dimensional phase, M, with canonical coordinates defined by
2(N — M) canonical pairs (QA,@A) and D canonical pairs (g%, p,), in which the 2(N — M) canonical momenta C4,
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corresponding to the first class constraints, are constant, so that dC* = 0 as the system evolves, ensuring that the
system remains on the first class constraint manifold. Following the decomposition of the canonical phase space defined
in subsection , the 2N dimensional canonical phase space, M, with canonical coordinates {qa,ﬁb,gA,éB},
decomposes into M = Mp & Mg ® M with coordinates

(g%, pp) € Mp (114)
(C*) e Mg (115)
(gB) € M1 (116)

Using this decomposition, the tangent bundle, V = T M, also decomposes, ¥V = Vp @ Vi @ V. Using the canonical
basis for V defined by {0z0, 05,,0z4, 05, } the vector subspaces can be expressed as

Vp={P =P + P05, €V |P((z) =0V 2z Mp} (117)
Ve={C=C",;,cV|C(Z)=0vz¢c Mg} (118)
Vi={Y=YP0meV|Y(z)=0VzeM,} (119)

Note that these definitions do not require that the vector subspaces defined above be closed, meaning that the Lie
bracket of any two vector fields in a given subspace can yield a vector field which does not belong to the subspace.

In order to examine the integrability of the Hamiltonian formulation of a gauge theory, it is necessary to express
all constraints as Pfaffian one forms. Begin by using each independent first class constraint, C* ~ 0, to define a one
form

04 = dC* — O CA d2X (120)

which is an element of the cotangent bundle over the product space M x M. From subsection ([IIB), the 2(N — M)
one forms defined by equation (120)), each satisfy

64 (Cp) =0 (121)

for all first class Hamiltonian vectors, C4, as defined in equation (97). As a result of the independence of the first
class constraints, the 2(N — M) one forms defined in equation ((120]) will be linearly independent, thereby satisfying
equation . Since the first class Hamiltonian vectors, C4, are all independent and all tangent to the constraint
manifold, Cp (CA) ~ 0, equation , the 2(N — M) one forms, 64, will define a distribution, A, which includes
all vectors tangent to the constraint manifold. Since the distribution defined by the Pfaffian one forms 4 includes
all vectors tangent to the constraint manifold, thereby including all infinitesimal gauge transformations, and since
the Pfaffian one forms 64 are linearly independent on the constraint manifold, the Pfaffian system for the canonical
Hamiltonian formulation will be defined by the 2(N — M) independent one forms #* given by equation .

The canonical Pfaffian system generated by the 2(N — M) independent first class constraints yields a distribution
in V defined as

A ={VeVv|ot(V)~0V et} (122)

From equation , the distribution A, will include all vectors in V which are tangent to the constraint manifold,
and so must include the gauge invariant vector spaces, Vp and Vg, defined in subsection , In addition to the
space of vectors tangent to the constraint manifold, the distribution A, must include all first class orthogonal vectors,
Y P, defined by equation , with coefficients which vanish on the constraint manifold. As a result, the distribution,
A., will be given by

Ac=VpaVea V] (123)
with
W ={W=WwuY*eV, | Ws=0} (124)

which is the space of all vectors tangent to the first class orthogonal vectors, Y4, having vanishing coefficients. This
vector space can be defined throughout phase space since any vector with vanishing coefficients will belong to the
distribution, and so for a given constraint manifold defines a vector field which extends off of the constraint manifold.
Although V) is a gauge invariant vector space, it can not be expected that Vﬂ)_ will be gauge invariant since the
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vanishing coefficients, W4 = 0, may have a complicated dependence on the gauge freedom. The canonical Pfaffian
system defined by the 2(IN — M) one forms of equation defines a similar distribution in V.

In subsection it was shown that a Pfaffian system will only be integrable if the distribution, A, generated by
the Pfaffian one forms is in involution, [A, A] C A. Using equation , the Pfaffian system defined for a canonical
Hamiltonian formulation yields the following theorem

Theorem II1.1: Hamiltonian systems with gauge freedom can mot be integrable.

In order to prove theorem it is sufficient to show that any Pfaffian system which contains a Pfaffian one form,
64, generated by any first class constraint, C4 ~ 0, will result in a distribution, Ay, which can not be in involution.

Proof. For any independent Pfaffian, #4, corresponding to a first class constraint, C*, through equation (120]), define
vector fields X = C4 and Y = W4 Y4 € such that

(€4, Wa] £0 (125)

in some open region of phase space. The vectors X and Y both satisfy, 64 (X) = 64 (Y) = 0, on the constraint
manifold, and so X,Y € A.. Using the definitions for the first class Hamiltonian vectors, equations , and first
class orthogonal vectors, equation ([L05]), the Lie bracket of the vector fields X and Y generates a vector field defined
by

7= [X,Y] ~ CL A WA K 8L (SA) JKIa] = [CA,WA] YA (126)

Using the property that first class orthogonal vectors are orthogonal to the constraint manifold, equation (107, along
with equation (125), the Pfaffian one form, 64, equation (120, and vector field Z, equation (126]), will satisfy

04(Z) #0 (127)

everywhere in some open region of phase space. As a result, Z ¢A., showing that the distribution, A, can not be in
involution, [A., A.] ZA., anywhere in this open region of phase space. Whence the Pfaffian system is nonintegrable.
Since this has been shown for any choice of first class constraint, C#, it will be true for all first class constraints,
proving that any Hamiltonian formulation with gauge freedom can not be integrable. O

As shown is subsection , Hamiltonian formulations of gauge theories with 2(N — M) first class constraints,
corresponding to the generators of gauge transformations, can be gauge fixed by the introduction of 2(N — M)
constraints which yield an invertible matrix of commutation relations with the 2(N — M) first class constraints. As a
result, once the gauge has been completely fixed the 2(N — M) original first class constraints are converted to second
class constraints, yielding a total of 4(N — M) second class constraints given by the 4(N — M) independent phase
space functions C* = Sp = 0 which satisfy the 2(N — M) equations [CA,S A] = 0 everywhere in some neighborhood
of the original first class constraint manifold. The remaining independent components of the original 2N dimensional
canonical phase space are given by the 4M — 2N = 2D physical observables which, at each point on the constraint
manifold., locally form a symplectic manifold with D degrees of physical freedom. As a consequence, theorem
has the following corollary

Corollary II1.2: Hamiltonian formulations of gauge theories with all gauge freedom uniquely fixed through the Dirac
bracket will be integrable.

Proof. Using the 4(N — M) second class constraints, C4 = S = 0, define 4(N — M) Pfaffian one forms

04 = dcA (128)
93 = dSB

From equation , the distribution generated by this Pfaffian system must be Vp, the vector space tangent to the
space of physical observables. Since the 4(N — M) Pfaffians are exact, equation , they must form the basis for a
differential ideal, Z. Therefore the manifold defined by the 2D physical observables will form a 2N —4(N — M) = 2D
dimensional integral manifold, ¥ p, which is of maximal rank. Whence, Hamiltonian formulations of gauge theories
in which all gauge freedom has been uniquely fixed through the Dirac bracket will be integrable. O

It is important to note that theorem (III.2)), along with the corollary (III.2]), were proven without reference to a
particular set of constraints, only the existence of first class constraints when gauge freedom is present and the ability
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to define phase space functions which uniquely fix the gauge freedom, and thereby fail to commute with the first class
constraints.

Once the gauge has been fixed, a unique invertible map from M to M can be locally defined everywhere in some
neighborhood of the constraint manifold. As a result, elements of V can be decomposed into contributions from the
subspaces Vp, Vg and V) , which are defined in terms of a given constraint manifold. A particularly useful consequence
of this is the ability to construct a path in phase space between any two solutions residing in the same open region on
which the Dirac bracket is invertible, thus allowing any phase space variation violating the constraints to be identified
uniquely and removed. This feature will be explored further in subsection . Without fixing the gauge, there
would be no way to uniquely specify a map defining the phase space components §%, s, gz € M as functions of the
phase space coordinates z! € M and therefore no way to restrict the evolution to the first class constraint manifold.
If it were possible to completely restrict the evolution to the constraint manifold, any Hamiltonian formulation, with
or without gauge freedom, would be integrable, but manifestly restricting to the constraint manifold would require
the first class constraints to strongly vanish, in contradiction with the definition of the first class constraints.

D. Hyperbolicity

This subsection assumes that the reader is familiar with the notions of hyperbolicity and well-posedness for
differential systems, topics which are thoroughly covered elsewhere [14]. Additionally, in sections and (?7), the
reader will be assumed to be familiar with basic pseudo-differential methods which are necessary to define hyperbolicity
and well-posedness for second order partial differential systems [I5],[I6]. Throughout these notes, only hyperbolic
gauge theories will be considered.

Suppose a complete set of time independent second class constraints have been imposed, uniquely fixing all gauge
freedom. The resulting gauge fixed extended Hamiltonian will generate the following equations of motion

z=[z,H]+ [Z,)\ACA} + [z,’yBSB] (129)

where C4, 8P denote the set of first class and second class constraints respectively and A4, vz denote their Lagrange
multipliers. As shown in subsection (ILE), all 4(N — M) Lagrange multipliers are defined as phase space functions
through the Dirac bracket, manifestly satisfying

dc

— = [Ca Hp] = [Ca, H]p =0 (130)
st

— =87, Hp] =[S, H] , =0

Since the gauge fixed extended Hamiltonian, Hg, preserves all 4(N — M) constraints, the Hamiltonian vector field
generated by H g must simultaneously satisfy all 4(N—M) independent Pfaffian one forms generated by the constraints,
subsection , and therefore must be an element of the distribution, A. Using the results of subsection ,
because the gauge has been fixed through the introduction of a complete set of second class constraints, any vector
belonging to the distribution, V € A, must have vanishing coefficients for all components tangent to any first class
Hamiltonian vector, Cy4, or any first class orthogonal vector, YZ. As a result, given a solution z (o) at time tq
simultaneously satisfying all first class constraints and imposed second class constraints, along the phase space flow
generated by the gauge fixed extended Hamiltonian, equation , the 2(N — M) variational vectors

64z = [2,Ca] = 645CP5 (2) (131)
C* e Vg

generated by the original first class constraints as well as the 2(N — M) variational vectors

6%z = [2,8%] = 8" (2) (132)
SB eV,

generated by the imposed second class constraints must be each be preserved. The invertibility of the Dirac bracket
ensures that these variational vectors are preserved since each of the 4(N — M) constraints must simultaneously
commute with the gauge fixed extended Hamiltonian and vanish strongly, C4 = S® = 0, throughout some open
neighborhood of the initial constraint manifold. Since the 4(N — M) variational vectors of equations and
are generated by 4(N — M) independent tangent vectors, forming a basis for the vector subspace Vg ®V, C V, on any
given second class constraint manifold all variations tangent to any of the 4(N — M) variational vectors must vanish
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otherwise, as the system evolves, some of the 4(N — M) constraints defining the second class constraint manifold would
be violated. The evolution equations generated by the gauge fixed extended Hamiltonian, which keep all 4(N — M)
constraints constant, therefore ensure that no variations tangent to those of equations or enter the system.

Since the 4(N — M) independent variational vectors are preserved under the flow generated by the gauge fixed
extended Hamiltonian, each variational vector must correspond to an independent eigenvector for the system of
evolution equations generated by the gauge fixed extended Hamiltonian. Because all 4(N — M) constraints strongly
commute with the gauge fixed extended Hamiltonian, the phase space flow generated by Hg will remain on the initial
second class constraint manifold. Since each of the 4(N — M) preserved variational vectors must have vanishing
coefficients on the initial second class constrain manifold, each of the corresponding eigenvectors must each yield a
zero eigenvalue. This should be an anticipated result since each of the 4(N — M) constraints defines a constant of
motion, corresponding to a value in phase space which propagates with zero speed. By assumption the Hamiltonian
formulation is hyperbolic, therefore the remaining 2N — 4(N — M) = 2D independent eigenvectors will be given by
the 2D complex variational vectors

ozt = Ozt = [z, H| (133)
with zF = ¢® £ ip, for a = 1,..., D corresponding to the D canonical conjugate pairs (¢%, po). The explicit form of
the D canonical conjugate pairs can be found using the Dirac bracket, as described in subsection . Although
the exact expression for the D canonical conjugate pairs, found using the Dirac bracket, will be dependent upon
the choice of second class constraints used to fix the gauge, the D physical degrees of freedom are themselves gauge
independent. Therefore, if equation yields D real pairs of eigenvalues for any choice of second class constraints,
which when imposed uniquely fix the gauge, it must yield D real pairs of eigenvalues for any choice, independent of
how the gauge is fixed. This means that the hyperbolicity of any Hamiltonian formulation will be independent of
the gauge freedom present. Using this result, equations and provide 4(N — M) eigenvectors each having
eigenvalue equal to zero, and equation provides the remaining 2D eigenvectors each having the real pair of
non-zero eigenvalues tw, € R, |w,| > 0. Whence gauge fixed Hamiltonian formulations will posses a complete set of
independent eigenvectors resulting in a strongly hyperbolic, and therefore well-posed, system.

Since an independent second class constraint must be imposed for each independent first class constraint in order
to completely fix the gauge, any Hamiltonian formulation in which the gauge is not fixed will not have a full set of
conserved second class constraints necessary to generate a full set of conserved variational vectors, equation .
Because of this, any Hamiltonian formulation containing gauge freedom will generate a system of evolution equations
which can not posses a complete set of eigenvectors. Whence, Hamiltonian formulations containing gauge freedom
can form only weakly hyperbolic systems at best.

E. Removing Numerical Error

The role of the extended Hamiltonian is to fix the gauge completely, yet it is inevitable that error will be introduced
in any numerical simulation. When this occurs, finite numerical error will map the system on to an alternate extremal
path within some neighborhood of the original solution. The difference in solutions will correspond to a different
neighboring gauge choice, which violates the analytic values of second class constraints, or a different neighboring
set of solutions for the first class constraints. In either case, the result will be that any error introduced into the
system will alter the Lagrange multipliers of the constraints which are found in the gauge fixed extended Hamiltonian.
Generically, the Lagrange multipliers in the extended Hamiltonian of the first class constraints will depend on some
combination of the time derivatives of the second class constraints projected onto the first class constraint manifold,
while the Lagrange multipliers of the second class constraints will involve time derivatives of the first class constraints.
This suggests that numerical errors which enter into a gauge fixed system can be projected onto small corrections to
the Lagrange multiplier terms which should otherwise vanish identically along the flow generated by the gauge fixed
extended Hamiltonian. The form of equation , along with the intended role of the extended Hamiltonian as a
method to fix the gauge completely, indicates that to first order about a particular solution the corrections to the
Lagrange multipliers in the extended Hamiltonian will be

61(}) (z) = /d3x’ {Dre (z,2") [C* (¢'), Hg] } (134)

As mentioned in subsection , once the gauge is fixed, there will exist a canonical method for projecting out
all constraint violations. The canonical method is provided by the additional terms generated by equation ,
which have the exact form of the original Lagrange multipliers. Comparing equation to the form of the gauge
fixed Lagrange multipliers, equation , reveals that the modified Lagrange multiplier terms, calculated using the
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extended Hamiltonian rather than the canonical Hamiltonian, serve to alter the phase space path generated by the
gauge fixed Hamiltonian by a phase space variation returning the flow to the original constraint manifold. Augmenting
the gauge fixed extended Hamiltonian by the terms of equation will generate evolution equations for the field
variables in which the constraint violations are corrected up to first order in the error. Second order corrections to
the error involve variations in the Dirac bracket itself, yielding the terms

e (g) = / B! {Dm (w.+/) [[C®. Hp). He] + § DrsDao [[C%.€°), He] [C*, He] } (135)

Using the extended gauge fixed Hamiltonian, all order corrections about the current solution can be generated, yielding
the total correction term

inf

= (136)
n=1

Using these results, the modified gauge fixed extended Hamiltonian takes the form

HN = HE — GFCF (137)
= Hy+ (/\F — GF)CF

These terms will always vanish identically except in the presence of numerical error. For all gauge theories considered
here, the multipliers of second class constraints will depend on linear combinations of the evolution of the first class
constraints as generated by the canonical Hamiltonian. This means that all multipliers of second class constraints
must vanish weakly on the first class constraint manifold. The canonical method presented here, applicable to all
gauge theories, is a generalization motivated by the methods originally implemented for General Relativity by Brown
and Lowe [I7].

F. Synopsis of Stability

Hamiltonian formulations of gauge theories in which the gauge is not fixed can not yield integrable systems precisely
because the theory has been embedded in a canonical phase space. If it were possible to restrict to the first class
constraint manifold, the system would become integrable, but this would require that all first class constraints
strongly vanish. By introducing a set of second class constraints, uniquely fixing the gauge and thereby allowing the
Dirac bracket to be constructed, all first class constraints are converted to second class constraints, which strongly
vanish. Once the theory is restricted to a constraint manifold defined by a set of strongly vanishing constraints, the
theory will be come integrable.

Restricting to an integrable system will always yield a strongly hyperbolic formulation.
Introducing second class constraints provides a canonical method to project out numerical error.
Subtleties dealing with weakly vanishing canonical Hamiltonians will be discussed in section (?7).

Introducing BRST variables into the Hamiltonian formulations of gauge theories yields an integrable, strongly
hyperbolic formulation accounting for violations of the first class constraint. This will be the subject of future work.

IV. HAMILTONIAN FORMULATION OF ELECTRODYNAMICS

In this section, Electrodynamics is presented as an example gauge theory, and the abstract concepts of section
are implemented an discussed. Though Electrodynamics is a particular simple gauge theory, because the gauge group
is abelian and therefore yields a set of commuting first class constnaints, it provides a simple setting for concretely
implementing the abstract concepts of section . Additionally, Electrodynamics allows for many features present in
other gauge systems to be explored in a simple familiar setting.
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A. Action and Canonical Evolution

The Maxwell action in vacuum is

S = /vol4 {AQJ“ - iFaﬁFQﬁ} = /dt /d:ﬁ L (138)

where the one form A,dz® is the electromagnetic potential and the field strength 2 form, F(? = Fopdx® A dzP, is
defined by

Fop=dAW = Ag., — App = Ap.o da® A daP (139)

The coefficient of the volume element has been absorbed into the definition of £ in the action, equation (138)). The
electric and magnetic fields take their values from the field strength 2 form, F(®), and are defined by
Eida't = —Fyda® = Fyp do' « BV =FY% (140)
Bidei AN dl’j = Fij dl’z A d.’,EJ > BZ = *FOi
Here x is the Hodge operator mapping p forms to their Hodge dual which is dependent on the metric of the base
manifold. Differential forms which are restricted to the spatial manifold, such as the spatial one form £ and spatial

two form B®) defined above, will be denoted in script throughout this section. It will also be useful at this point to
introduce the codifferential operator defined by

d*AP) = xdx AP (141)

which sends p forms to (p — 1) forms.

It is common to separate the temporal and spatial components of the electromagnetic potential to simplify the
notation when explicitly dealing with a spacetime split, as is necessary in the Hamiltonian formulation. The standard
definitions found in any textbook which deals with the electromagnetic potential are

Ap dt = ¢ dt (142)
The temporal term is commonly referred to as the scalar potential, ¢, while the spatial vector, ff, which is the
contravariant version of the covariant A(l), is commonly known as the vector potential. Again, as noted above, any
form denoted in script, e.g. €M, AN B®) will correspond to a form defined on the spatial manifold. The exterior
derivative restricted to the spatial slice will be denoted in bold, d, along with the spatial codifferential operator,

d* = xgdx*g, where xg denotes the Hodge operator on the spatial slice. Using these definitions, Maxwell’s equations
can be written in terms of the physically familiar electric and magnetic fields

EW = 9 AW —dp — E=08y,A— V¢ (143)
B? =dAY — B=VxA
The field strength 2 form, F(®)| and its dual, xF(®), which reside on the 4 manifold become

F® =W Adt + B (144)
*F® = HW A gt — D
When the 4 manifold is Minkowski, the p forms H(") and D® are related to the p forms €1 and B through
xg€WD = DA (145)
£sB® = 1)

Whenever the manifold is not Minkowski these relation will be considerably more complicated. In order to avoid
this complication, the Minkowski metric will be used throughout this section. Additionally, the spatial manifold will
assumed to be closed so that any boundary terms arising from integrating by parts will identically vanish.

In the Hamiltonian formulation, the 4 elements of the electromagnetic potential, (¢, A;), define the configuration
space. The momenta conjugate to vector potential are
0L

_ i0 — i
C FO=F (146)

7Ti
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Because F(? is anti-symmetric, equation 1' the momenta conjugate to the scalar potental, ¢ = Ay, must vanish,
yielding the primary constraint

70~ 0 (147)

The canonically conjugate pairs are (AZ-, 7ri) and ((i), 770), and the canonical Hamiltonian in vacuum is

Hy = /d% Ho (148)

1, 1 .. .
= /dSQZ {27'(' 7Ti+ZFjFij gf);jﬂj}
:/de lﬁ.ﬁ+1(€xj)-(ﬁxj)—%-ﬁ
2 2
1 - 1
= 3 - Lz - (1) (1)
/dl‘{Qﬂ'ﬂ’ Vo 77}+2/{dA A xgdA }

The time derivative of the primary first class constraint, 70 ~ 0, generates the secondary constraint

70 = (7% Ho) = -7/, 0 (149)

This constraint locally commutes with the canonical Hamiltonian, generating no further consistency constraints.
When charge is present, the secondary constraint of equation ((149) corresponds to the familiar Gauss’s law

- —

V-E=p (150)

Since secondary constraint V - 7 &~ 0 commutes with both the canonical Hamiltonian and primary constrant 70 ~ 0,
the first class constraint algebra for electrodynamics is given by the two strongly commuting first class constraints

7~ 0 (151)
T~
The canonical Hamiltonian generates the evolution equations
Ai=[Ai, Hol = mi — (152)
for the vector potential and
T=[7Hy)=-VxVxA (153)
for the canonically conjugate momenta. Expressing the canonical momenta 7 as a spatial one form
7 = m; da (154)
the canonical equations of motion become
A — {Au),HO} — 7 _de (155)
(1) _ {H”,Ho} — _AAD
where A denotes the spatial Laplacian, defined as
A = (dd* +d*d) (156)
There is no canonical evolution equation for the scalar potential, ¢. From equation , the canonical evolution

equation for the primary first class constraint 7° ~ 0 will vanish when the evolution remains on the constraint
manifold.
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B. Second Class Constraints and the Dirac Bracket

In order to construct a Dirac bracket and fix the gauge, it is necessary to enlarge the constraint algebra,
equation , by introducing second class constraints. From section , the introduction of second class constraints
will enable a coordinate system to be constructed in phase space throughout some neighborhood of the initial
solution, allow a non-degenerate symplectic form, the Dirac bracket, residing on the space of physical observables
to be constructed, and ensure that the Hamiltonian formulation be well-posed.

In the Lagrangian form of Electrodynamics a popular constraint to impose is the Lorentz gauge choice

AW =A% =0 (157)

Given that the field strength 2 form, F(?) | is defined by dA(M), so it seems natural to impose a constraint involving
the codifferential operator. Since the Hamiltonian formulation must inherently split space and time, generating time
evolution for field variables defined on a spatial slice at constant time, it will be slightly simpler to impose the Coulomb
gauge choice in vacuum

$=0 (158)
1=0

The non-vanishing commutation relations of the Coulomb gauge choice with the first class constraints are
[¢,7°] =1 (159)
[ﬁ A (x),V - ﬁ(x’)} = V26 (x,X)) = A (x,%)
with § (x,x’) denoting the Dirac delta function in three dimensions. The commutation relations of equation (159) are
invertible throughout phase space, therefore imposing the Coulomb gauge, equation (158)), as a set of second class
constraints will completely fix the gauge.

With the introduction of second class constraints the constraint algebra generated by the first class constraints has
been expanded from two first class constraints, equation (151)), to four second class constraints

=¢=0 (160)
V-#=V-A=0
satisfying the commutation relations derived in equation ((159). The expanded constraint algebra defines the second

class constraint manifold, which is a sub-manifold of the original first class constraint manifold. Denoting the collection
of first and second class constraints as

-

Cr = {woﬁ.ﬁ, 6,V - ff} (161)

the constraint commutation matrix can be expressed as

0 0 -1 0
0 0 0 V2

[Cr (x),Cy (X)] = o oo J(x,x') (162)
0-V2 0 0

Since the constraints ¢ = 7% = 0 form a canonical conjugate pair in phase space, (QS, 7r0), the phase space can be
reduced by setting ¢ = 7% = 0 in the canonical action and dropping the phase space coordinates ¢ and 7° from
consideration. This reduces the Poisson bracket to the phase space defined by the canonical pairs (Ai, 7Ti). After
reducing the phase space, the set of all constraints, equation , reduces to

Ca = {ﬁ-ﬁﬁ-ﬂ} (163)
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With this simplification, the constraint commutation matrix of equation (162]) reduces to the 2 x 2 matrix

0 V2
[Ca(x),C5(X)] = 5 (x,x) (164)
-V2 0

The inverse operator of this constraint commutation matrix, satisfying equation (81), is

U
DAB (x" x') = 6 (x",x) (165)
oz 0

The Dirac bracket then takes the form of equation evaluated on the reduced set of canonical variables
FO0.G)p = [FG0.GO - [ae [ ([P ().Ca )] D (" x") (€ ("), G ()]} (160)

Using the Dirac bracket, the commutation relations amongst the canonical phase space variables (Ai, ﬂ'i) are

o580 (3
[As, Aj)p = [, 7], =0

Using the derived Dirac bracket, equation (166 along with the canonical Hamiltonian, equation (148]), the evolution
equations for any phase space function F' restricted to the second class constraint manifold will be

F(x),Holp = [F(x).Hol— / P / Bz’ {[F (x),Ca ()] DAP (', x") [C5 (x"), Ho]} (168)
From equation 7 the Dirac bracket fixes the form of the Lagrange multipliers of each of the constraints as
M (x) = / d*s’ {D*P (x,x')[Cp (x'), Ho] } (169)

Because the original first class constraints commute with the canonical Hamiltonian, Hy, half of the Lagrange
multipliers will weakly vanish on the original first class constraint manifold, allowing the gauge fixed extended
Hamiltonian to weakly take the same form as the canonical extended Hamiltonian

Hy = Ho + / e / B’ {5 (x, %) M (x) Ca ()} (170)

On the reduced phase space with constraints

Co=V-7=0 (171)
G =V-A=0
the Lagrange multipliers of equation (169) take the form
1
A0 = ﬁco (172)
1
1_ 3
A= /d a’ {W [Co (X/)7Ho]}
In order to derive an expression for A, the property
d*A = Ad* (173)

which is true in any spatial slice, and the property

A=-V? (174)



28

which is true for A acting on any p-form only if the Riemann tensor on the spatial manifold vanishes, such as it does
in Minkowski space, will prove to be useful. Using the definition for the canonical Hamiltonian, Hy, equation ,
as a volume integral over the spatial domain to integrate [Co, Hy] by parts and applying the integral operator %, the
equations of motion generated by Hj, equation , yield

1 ., X
A — ﬁd AAD = _a@*AD = _¢, (175)
Inserting
C
=S (176)
M =-C

into the extended Hamiltonian, equation , reveals that in the Coulomb gauge all Lagrange multiplier terms in
the extended Hamiltonian will be quadratic in the constraints.

Even though imposing a complete set of second class constraints will uniquely fix the Lagrange multipliers found in a
general gauge theory, allowing each to be expressed in terms of the canonical variables, as in equations and ,
when varying the canonical action the Lagrange multipliers themselves must not be varied directly since the actual
values assigned to each will be fixed by the variation itself. In the Coulomb gauge, the situation simplifies considerably
from the general case. Since each term in AMAC,4 will be quadratic in a single scalar constraint, multiplying each term
by % will yield the same result as varying only C4 alone, leaving A* to be determined by the dynamics. With this
simplification, the gauge fixed extended Hamiltonian becomes

1 1
Hp =3 / {7?(1) Axgi®) 4 ﬁd*ﬁ(l) Asgd*7 D +dAD A xgdA® — d*AD A *Sd*A(l)} (177)
generating equations of motion

1
=3 ViCo (178)

. 1 .
A, =[A;, Hg) = [5ij - V(ivj)} T =T — NG

V2
#t =[x, Hg] = — [51] - v@VﬁvQ} AA; = VA" - Vig

which are in agreement with the equations of motion generated by canonical Hamiltonian on the second class constraint
manifold through the Dirac bracket

[A;, H)| = [Ai, Ho]p (179)

7' Hi] = [, Ho|
validating the form of the gauge fixed extended Hamiltonian, equation (177).

Inserting A; = 7; into the equation of motion for 7¢ yields

2
(gt) Ayda’ — V2 Ayda' = 0A; = 0 (180)
revealing that, in vacuum, all physical fields propagate as waves traveling at the single constant speed 4+1. Since the
Dirac bracket removes one degree of freedom from the six canonical phase space coordinates (AZ-, 7Ti>, only two degrees
of freedom remain, each propagating as an independent wave traveling at the constant speed +1. As expected, these
two remaining degrees of freedom are physical observables which correspond to the two independent helicity states of
electromagnetic radiation [18].

C. Hyperbolicity

This subsection assumes a knowledge of pseudo-differential methods used to convert second order variable coefficient
partial differential systems into first order constant coefficient pseudo-differential systems. Concise introductions to
the pseudo-differential methods used here as well as proofs of strongly hyperbolic formulations yielding well-posed
problems can be found elsewhere [15],[16].[19].
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Consider the canonical Hamiltonian, Hy, on the reduced phase space in which the canonical pair (q{),wo) have
been dropped, and the resulting canonical action on the reduced phase space generated by setting ¢ = 70 = 0
throughout the canonical action defined on the initial phase space which includes the canonical pair ((;577'(0). The

reduced phase space, defined by the three canonical coordinate pairs (AZ-, 7Ti)7 will be used throughout the remainder
of this subsection.

1. Canonical Formulation

Varying the extremal path generated by the canonical Hamiltonian, equation (155)), yielding
5A; = om; (181)
om = V254,

In order to convert to a pseudo-differential system, define

‘]4}| = \/kikjéij =V k)lk‘l (182)

and insert the variation

A slrinn
5A; = —ime’(“’t+k‘w ) (183)
57Ti _ ﬁ,iei(wthkizi)

into equation l) Setting A;, 79 equal to constants and dropping all terms lower than first order in |k| converts the
second order canonical formulation, given by equation (155)), into a first order pseudo-differential system
wAi = |k3| ﬁ'i (184)

—

In this pseduo-differential formulation, the first class constraint V.7~ 0, which imposes a relation between phase
space coordinates, becomes

ikt =i|k|7 =0 (185)

imposing a relation between the constants #* and the permissible spatial directions of propagation, given by the spatial
unit vector

koK
Y 1

7l

satisfying |n| = v/n;n* = 1. The form of equation |D suggests that the variational constants, A;, 77, be projected
onto terms which are tangent to 7, defining the longitudinal components

Ap

Ainl (187)

ﬁin

>

L
and terms which are orthogonal to 77, defining the transverse components
AT = A; —n;Ap (188)
fr;f =7 — T
Defining the normalized frequency as

w

K|

=
Il

(189)
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and inserting the first class constraint condition 7y = 0, the pseduo-differential system of equation (184) has the
longitudinal sub-block

KJAL = ﬁ'L (190)

which has the single eigenvalue x = 0 of multiplicity two, and a single eigenvector, 7;,. Denoting the two independent
transverse components with the index a, where a = {—1, 1}, the transverse sub-block of the pseudo-differential system,
equation ([184), is

kAT = 7T (191)
kil = AZ
and has four linearly independent eigenvectors
sF = AT 27 (192)

with eigenvalues xF = £1. Since the longitudinal sub-block does not have a complete set of eigenvectors, the canonical
Hamiltonian will generate a weakly hyperbolic system.

2. Gauge Fized Formulation
Varying the extremal path generated by the gauge fixed extended Hamiltonian, equation (178]), yielding

. 1 )
5Az = 57Ti - ﬁvivjé’ﬁj (193)
om; = V25A; — VIVIG A,

Following the same procedure implemented for the canonical formulation, to convert from a second order differential
system to a first order pseduo-differential system, insert the variation defined in equation ([183)) into equation (193)),
again setting A;, 77 equal to constants and dropping all terms lower than first order in |k|. Projecting once again onto
the transverse components yields

kAT = 7T (194)

a
AT _ AT
K, = A,

revealing that the Coulomb gauge has not disturbed the transverse sub-block, whence the eigenvectors and eigenvalues
of the transverse sub-block will be the same as for the canonical formulation. The pseudo-differential system derived
from the evolution equations generated by the gauge fixed extended Hamiltonian has the longitudinal sub-block

kAL =0 (195)

Ii’er:O

which has the two linearly independent eigenvectors Ay and 7, each with eigenvalue x = 0. The longitudinal sub-
block now contains a complete set of eigenvectors, whence the gauge fixed extended Hamiltonian yields a strongly
hyperbolic, and therefore well-posed, system.

D. Synopsis of Electrodynamics as a Gauge System

The canonical formalism for electrodynamics is reviewed in subsection ([VA). In this subsection the first class
constraints are derived along with the first class constraint algebra. The evolution equations generated by the canonical
Hamiltonian are derived and examined.

In subsection , the Coulomb gauge is imposed through second class constraints which are shown to completely
fix the gauge uniquely. With these second class constraints, a Dirac bracket is derived. The derived Dirac bracket is
used to construct the gauge fixed extended Hamiltonian, and the subsequent equations of motion are derived. In the
Coulomb gauge, the gauge fixed extended Hamiltonian has Lagrange multipliers with analytic solutions, and therefore
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generates evolution equations, equation , already containing the canonical error projection modification terms
introduced in subsection .

In subsection , the hyperbolicity of the canonical and gauge fixed Hamiltonian formalisms is examined. In
this subsection it is shown that the canonical Hamiltonian will generate a weakly hyperbolic system, while the gauge
fixed extended Hamiltonian will generate a strongly hyperbolic system. These results are in agreement with the
abstract analysis presented in subsection for general gauge theories.

[1] T. Frankel, The Geometry of Physics (The Geometry of Physics, by Theodore Frankel, pp. 720. ISBN 0521833302. Cam-
bridge, UK: Cambridge University Press, November 2003., 2003).

[2] H. Goldstein, Classical Mechanics (Addison Wesley, Harlow, 2002), ISBN 0201657023.

[3] M. Nakahara, Geometry, Topology, and Physics (Institute of Physics Publishing, Bristol, 2003), ISBN 0750306068.

[4] P. J. Morrison, Reviews of Modern Physics 70, 467 (1998).

[5] M. Henneaux and C. Teitelboim, Quantization of Gauge Systems (Princeton, USA: Univ. Pr., 1992, 520 p., 1992).

[6] C. Rovelli, Quantum Gravity (Quantum Gravity, by Carlo Rovelli, pp. 480. ISBN 0521837332. Cambridge, UK: Cambridge

University Press, November 2004., 2004).

J. Jorge and E. Saletan, Classical Dynamics (Cambridge University Press, Cambridge, 1998), ISBN 9780521636360.

E. Noether and M. A. Tavel (2005), arXiv:physics/0503066.

P. A. M. Dirac, Royal Society of London Proceedings Series A 246, 326 (1958).

P. A. M. Dirac, Royal Society of London Proceedings Series A 246, 333 (1958).

P. G. Bergmann and I. Goldberg, Physical Review 98, 531 (1955).

M. Gockeler and T. Schiicker, Differential Geometry, Gauge Theories, and Gravity (Differential Geometry, Gauge Theories,

and Gravity, by M. Gockeler and T. Schiicker, pp. 248. ISBN 0521378214. Cambridge, UK: Cambridge University Press,

July 1989., 1989).

[13] T. Ivey and J. Landsberg, Cartan for Beginners (American Mathematical Society, Providence, 2003), ISBN 0821833758.

[14] H. Gustafsson, B. Kreiss and J. Oliger, Time Dependent Problems and Difference Methods (Wiley, New York, 1995), ISBN
0471507342.

5] G. Nagy, O. E. Ortiz, and O. A. Reula, Phys. Rev. D 70, 044012 (2004), arXiv:gr-qc/0402123.

6] J. D. Brown (2008), 0803.0334.

7] J. D. Brown and L. L. Lowe, Phys. Rev. D 74, 104023 (2006), arXiv:gr-qc/0606008.

8] S. Weinberg, The quantum theory of fields. Vol.1: Foundations (Cambridge, New York: Cambridge University Press,
—c1995, 1995).

[
1
1

[19] O. A. Reula (2004), gr-qc/0403007.

[20] B. S. Dewitt, Physical Review 160, 1113 (1967).

[21] B. S. Dewitt, Physical Review 162, 1195 (1967).

[22] J. L. Anderson and P. G. Bergmann, Physical Review 83, 1018 (1951).

[23] R. Arnowitt, S. Deser, and C. W. Misner, Physical Review 116, 1322 (1959).

[24] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation (San Francisco: W.H. Freeman and Co., 1973).

[25] J. W. York, Physical Review Letters 26, 1656 (1971).

[26] J. W. York, Jr., Physical Review Letters 82, 1350 (1999), arXiv:gr-qc/9810051.

[27) A. Anderson and J. W. York, Jr., Physical Review Letters 82, 4384 (1999), arXiv:gr-qc/9901021.

[28] J. W. York, Jr., in The Tenth Marcel Grossmann Meeting. On recent developments in theoretical and experimental general
relativity, gravitation and relativistic field theories, edited by M. Novello, S. Perez Bergliaffa, and R. Ruffini (2005), pp.
3—+.

[29] J. W. York, Nuovo Cimento B Serie 119, 823 (2004), arXiv:gr-qc/0409102.

[30] A. Anderson and J. W. York, Jr., Physical Review Letters 81, 1154 (1998), arXiv:gr-qc/9807041.

[31] H. P. Pfeiffer, ArXiv General Relativity and Quantum Cosmology e-prints (2004), gr-qc/0412002.

[32] H. P. Pfeiffer and J. W. York, Physical Review Letters 95, 091101 (2005), arXiv:gr-qc/0504142.

[33] H. P. Pfeiffer and J. W. York, Phys. Rev. D 67, 044022 (2003), arXiv:gr-qc/0207095.

[34] R. Beig (2000), gr-qc/0005043.

(35] J. D. Brown, Phys. Rev. D 71, 104011 (2005), arXiv:gr-qc/0501092.

[36] A. Zee, Quantum field theory in a nutshell (Quantum field theory in a nutshell, by A. Zee. Princeton, NJ: Princeton

University Press, 2003, ISBN 0691010196., 2003).
[37] R. Beig and N. Omurchadha, Annals of Physics 174, 463 (1987).
[38] T. Regge and C. Teitelboim, Ann. Phys. 88, 286 (1974).



	Contents
	Introduction
	Review of Gauge Theories and Hamiltonian Systems
	Lagrangian and Hamiltonian Dynamics
	Singular Legendre Transformations
	Constraints in the Hamiltonian Formalism
	Gauge Freedom and the Extended Hamiltonian
	Gauge Fixing and the Dirac Bracket
	Synopsis of Gauge Systems in General

	Stability
	Pfaffian Systems and Integrability
	Gauge Invariant Vector Spaces
	Integrability of Gauge Theories
	Hyperbolicity
	Removing Numerical Error
	Synopsis of Stability

	Hamiltonian Formulation of Electrodynamics
	Action and Canonical Evolution
	Second Class Constraints and the Dirac Bracket
	Hyperbolicity
	Canonical Formulation
	Gauge Fixed Formulation

	Synopsis of Electrodynamics as a Gauge System

	References

