Spin or Pin?

Cécile DeWitt-Morette, Shang-Jr Gwo^∗, and Eric Kramer^† Department of Physics and Center for Relativity The University of Texas at Austin Austin, Texas 78712-1081 (August 20, 1997)

Abstract

The classification of fermions remains an open question. If they are classified by their behavior under transformations of spacetime by the full Lorentz group – rather than by the orientation preserving Lorentz group – then fermions can be assigned four, rather than two, different parities. The reason is that there is, up to isomorphism, only one Spin group which double covers the orientation preserving Lorentz group, but that there are two Pin groups which cover the full Lorentz group. It has been shown that the vacuum expectation value of the fermionic current defined on a topologically nontrivial configuration space by one Pin group can be totally different from the vacuum expectation value defined by the other one (DeWitt-Morette and DeWitt, 1990). Only one of the two Pin groups can act on the Majorana neutrino emitted and reabsorbed in the process of neutrinoless double beta decay. It is shown that there are no straightforward experiments for assigning a Pin group to a fermion, but there are many areas of physics where parity, time reversal, and

∗Present address: JRCAT, National Institute for Advanced Interdisciplinary Research, 1-1-4 Higashi, Tsukuba, Ibaraki 305, JAPAN †Present address: 290 Shelli Lane, Roswell, GA 30075, USA charge conjugation play a role and may give indirect evidence for making the appropriate assignments. Using the Pin groups, the authors clarify concepts and properties of space and time reversal, charge conjugation, and adjoint (s)pinors necessary for determining a particle parity. The article includes also a semi-historical introduction and a partial bibliography of related literature.

Classification codes: PACS 11.30.Er; MSC 22 E 99 Key Words: Full Lorentz group, Pin group, Intrinsic parity, Time reversal, CPT, Majorana particle.

I. The Concept of Intrinsic Parity of a Spin 1/2 Particle

A. Semi-historical summary B. Mathematical analysis C. The issue nowadays II. Time reversal and the Kramers’ degeneracy

A. Mathematical (alias relativistic, unitary) time reversal and Physical (alias non-relativistic, antiunitary) time reversal B. Kramers’ degeneracy III. Space Reversal

A. Parity transformation by reversing magnetic fields? B. Parity transformation by reflection?

IV. Charge Conjugation and Majorana Particles

A. Particles and antiparticles B. Majorana particles are Pin (3,1) particles C. Existence of Majorana Particles V. Double Covers of the Lorentz Group VI. Conclusion and Acknowledgments Appendix A: Dirac and Majorana adjoints; several definitions of charge conjugation Appendix B: “CPT” transformation Appendix C: Pin (3,1) and Pin (1,3) Appendix D: Some related literature, other than quoted in the references References

I. THE CONCEPT OF INTRINSIC PARITY OF A SPIN-1/2 PARTICLE

A. Semi-historical summary.

Racah, in 1937, and Yang and Tiomno, in 1950, pointed out that under a space inversion four different transformations for fields of spin-1/2 are possible. Yang and Tiomno (1950) added, “The types of transformation properties to which the various known spin-1/2 fields belong are physical observables and could in principle be determined experimentally from their mutual interactions and their interactions with fields of integral spin.”

Under the impact of superselection rules (Wick et al., 1952), the discovery of parity violation (Lee and Yang, 1956; Wu, 1957), and the success of the Standard Model (Weinberg, 1967; Salam, 1968 and 1964), the Yang and Tiomno paper fell by the wayside; its goal was rendered obsolete. Nevertheless the fact remains that there are four different kinds of spin- 1/2 particles (more appropriately called, nowadays, pin-1/2 particles). A careful analysis of parity suggests, as we shall see, a better terminology; namely the spin group is a subgroup of the pin group, just as SO(n) is a subgroup of O(n). Therefore we should write “the fact is that there are four different kinds of pin 1/2 particles”. Why has this fact, noted already in 1937, been largely ignored? 1. The impact of superselection rules In 1952, Wick, Wightman, and Wigner discussed the limitations of the concept of intrinsic parity of elementary particles that follow from superselection rules—i.e., from restrictions on the nature and scope of possible measurements. These restrictions cast a shadow on the possibility of identifying Dirac fields by their transformation properties under space inversion. But it has been shown (DeWitt-Morette and DeWitt, 1990) that the four choices of Pin structure are observable—admittedly in a gedanken experiment, but a gedanken experiment is sufficient to rule out a superselection rule. Moreover, as pointed out by Weinberg (1995) “the issue of superselection rules is a bit of a red herring; it may or may not be possible to prepare physical systems in arbitrary superpositions of states, but one cannot settle the question by reference to symmetry principles, because whatever one thinks the symmetry group of nature may be, there is always another group whose consequences are identical except for the absence of superselection rules.” Remark

One cannot recall the work of Wick, Wightman, and Wigner (1952) without mentioning its refutation by Y. Aharanov and L. Susskind (1967). Wick, Wightman, and Wigner suggest that certain phase interferences cannot be measured. More precisely, they assert that one can decompose the Hilbert space of the universe into orthogonal subspaces {H_1, H_2, . . .} such that there are no observables which contain matrix elements between any pair of those subspaces, thus making the relative phases between components of the state vector in different subspaces H_i and H_j(i ≠ j) irrelevant. Aharanov and Susskind refuted Wick et al.’s claim that there is a superselection rule between states of different electric charges. They showed that it is possible to construct a coherent superposition of states with two different electric charges. Therefore the relative phase between components of the state vector in subspaces H_i and H_j(i ≠ j), corresponding to charges Q_i and Q_j respectively, is relevant. Indirectly the Aharanov-Susskind paper suggested to us the experiment analyzed in section III.A.

2. The impact of parity violation

The goal of the Yang-Tiomno paper was the assignment of parity to the then-known spin 1/2-particles, which would explain and predict forbidden transitions, assuming a universal Fermi (four fermion) interaction and parity conservation. Once it was established that parity is not conserved in weak interactions, the Yang-Tiomno approach to explaining forbidden transitions was no longer justified, but failure of this approach does not mean that parity cannot be assigned to (s)pin-1/2 particles. Indeed, saying that an interaction between particles does not conserve parity implies that the parity of the initial and final states can be compared. If there were no interaction conserving parity, the concept of parity might be less interesting, but such is not the case.

If one takes seriously the correspondence between particles and irreducible representations of the Poincaré group, one has to consider the possibility of four different kinds of (s)pin-1/2 particles characterized by their space reversal transformations.

In particle physics, one considers only two parities. So far, it has been unnecessary to consider four different kinds of particles with (s)pin-1/2 labelled by the four different possible parities. But the discovery of new particles could change this picture, or some discussions could be simplified by using the four existing parities. For example the analysis of parity in complex situations occuring in atomic and molecular physics may even require the use of four parities. As long as there are unexplained phenomena in the physics of (s)pin-1/2 particles (e.g. solar neutrinos, albeit a farfetched example) one should keep in mind the fact that the full Lorentz group implies four different parities for (s)pin-1/2 particles. 3. The impact of the Standard Model

In the Standard Model, the spin-1/2 particles are chiral particles defined by the Weyl representation and one might think that the concept of parity does not apply to a chiral particle. Stated in other words, since a left particle becomes a right particle under space inversion, how does one define its parity?

In order to answer this question, as well as to explain statements made in the semihistorical introduction, we need to define the Pin group.

B. Mathematical analysis

Let O(3, 1) be the Lorentz group of transformations of (R^4, η) which leaves invariant the quadratic form η_{αβ}x^αx^β where

(η_{αβ}) := diag(1, 1, 1, −1) ; (1.1)

and let O(1, 3) be the Lorentz group of transformations of (R^4, η̂) where

η̂_{αβ} := diag(1, −1, −1, −1). (1.2)

The groups O(3, 1) and O(1, 3) are isomorphic, but we shall still use different symbols for their elements because [ L^β_α ] ∈ O(3, 1) is not identical to [ L̂β_α ] ∈ O(1, 3).

Although O(3, 1) and O(1, 3) are isomorphic, invariance of the Dirac equation under the Lorentz transformations O(3, 1) and O(1, 3) implies the existence of two nonisomorphic groups, called Pin (3,1) and Pin (1,3) respectively (see for instance Choquet-Bruhat and DeWitt-Morette 1989). On the other hand, invariance of the Dirac equation under only the orientation preserving subgroups SO(3, 1) and SO(1, 3) requires only the existence of two isomorphic groups, called Spin (3,1) and Spin (1,3). Originally no distinction was made between the Spin groups and the Pin groups – a fact which has led to confusion.

We shall use the following notation:

Spin^↑(3, 1) double covers Proper Lorentz group SO^↑(3, 1) Spin(3, 1) double covers Orientation preserving Lorentz group SO(3, 1) P in^↑(3, 1) double covers Orthochronous Lorentz group O^↑(3, 1) P in(3, 1) double covers Full Lorentz group O(3, 1)

and similar notations for O(1, 3), P in(1, 3), and their subgroups. A Ψ-particle will refer to a representation of the P in(3, 1) group and a Ψ̂-particle will refer to a representation of the P in(1, 3) group.

In brief

SO(3, 1) is a subgroup of O(3, 1) Spin(3, 1) is a subgroup of P in(3, 1)

FIGURES

FIG. 1(a). On the bottom row, the four components of the Lorentz group O(3,1) and, on the top row, their double covers Pin(3,1). Each component of O(3,1) is labeled by one of its elements; for instance P = diag(−1, −1, −1, 1) is a space inversion and T = diag(, 1, 1, −1) is a time reversal. In each component of Pin(3,1) we give the two elements which cover the given element of O(3,1). For instance, ±Λ_P satisfies the equations Λ_pγ_αΛ^{−1}_P = γ_βP^β_α.

FIG. 1(b). The two components of the orientation preserving Lorentz group SO(3,1)and their double covers Spin(3,1). The expression “orientation preserving” to label the Lorentz matrices of determinant one is commonly used, but literally meaningless. Discussion of parity and time reversal can only be carried out in the framework of the full Lorentz group. Whereas Spin(3,1) and Spin(1,3) are isomorphic, Pin(3,1) and Pin(1,3) are not isomorphic and discussions of properties of fermions under parity and ime reversal can only be carried out in the framework of a Pin group. The question is “which Pin group ?”

FIG. 1(c). The proper Lorentz group SO^+(3,1) and its double cover Spin^+(3,1). If Λ_P belongs to Pin(3,1) then Λ^2_P = −1; if Λ̂_P belongs to Pin(3,1) then Λ̂^2_P = 1. To appreciate the difference between the to Pin groups, one can construct the multiplication tables of the four element groups (±1, ±Λ̂_p) and (±1, ±Λ_P ); the former is isomorphic to ZZ_2 × ZZ_2, the latter to ZZ_4, where ZZ_2 and ZZ_4 are the additive goup of integers modulo 2 and modulo 4 respectively.

The origin of the word Pin is unknown; it is obviously a joke: Pin (3,1) comes from Spin (3,1) as O(3, 1) comes from SO(3, 1). The joke has been attributed to Serre by Atiyah, Bott and Shapiro (1964), but Serre denied it in a private conversation. It is a very useful word because Spin (3,1) and Spin (1,3) are isomorphic whereas Pin (3,1) and Pin (1,3) are not isomorphic, and this is the reason for the possible existence of four different particles.

The Pin group Pin (3,1) is by definition a double cover of O(3, 1), which consists of elements Λ such that

Λ_Lγ_αΛ^{−1}_L = γ_βL^β_α; equivalently Λ_Lγ^αΛ^{−1}_L = (L^{−1})^α_βγ^β;

here

{γ_α, γ_β} = 2η_{αβ}1l; (η_{αβ}) = diag(1, 1, 1, −1); Λ_LΛ^τ_L = ±1. (1.3)

where τ is defined by (Λ_1Λ_2)^τ = (Λ_2)^τ (Λ_1)^τ and by

(γ_α^A_B)^τ = (γ_α^B_A)^∗ .

On the other hand, the Pin group P in(1, 3) is a double cover of O(1, 3) which consists of elements Λ̂ such that

Λ̂_Lγ̂_αΛ̂^{−1}_L = γ̂_βL̂^β_α;

{γ̂_α, γ̂_β} = 2η̂_{αβ}1l; (η̂_{αβ}) = diag(1, −1, −1, −1); Λ̂_LΛ̂^τ_L = ±1. (1.4)

Spinor and pinor fields are sections of vector bundles defined on spacetime; the Spin group and Pin group act on the spinor and pinor fields, respectively. These group actions tell how the components of a field transform under a space inversion in spacetime: they assign a parity to the field.

Under a Lorentz transformation [L^α_β] ∈ O(3, 1) of spacetime a pinor field transforms according to

Ψ^′ ( L^α_β x^β ) := Λ_LΨ (x^α) , (1.5)

where Λ_L is one of the two elements defined by (1.3). If the Lorentz transformation is the space inversion, ( P^α_β ) = diag(−1, −1, −1, 1), (1.6)

then Λ_P = ±γ_0 and for Λ_P ∈ P in(3, 1),

Λ^2_P = −1l. (1.7)

The eigenvalues of Λ_P are ±i, and the parity is said to be ±i.

Under a Lorentz transformation [ L̂α_β ] of spacetime a pinor field Ψ̂ → Ψ̂^′ such that

Ψ̂^′ ( L̂^α_β x^β ) := Λ̂_LΨ̂ (x^α) , (1.8)

where Λ̂_L is one of the two elements defined by (1.4). If ( P̂^α_β ) = diag(1, −1, −1, −1), (1.9)

then Λ̂_P = γ̂_o and for Λ̂_P ∈ P in(1, 3),

Λ̂^2_P = 1l. (1.10)

The eigenvalues of Λ̂_P are ±1 and the parity is said to be ±1. Remark

The general cases P in(s, t) and P in(t, s) for t = 1 and s arbitrary can be found in the paper by C. DeWitt-Morette and S.-J. Gwo (1990). There, in order to give formulae valid both for s odd and s even, the twisted definition of the Pin groups was used, and space reversals reversed the direction of only one axis. Here we restrict our discussion to s = 3, and define space reversal by P and P̂ which, as usual, reverse the directions of all three axis. Note in particular that, with the twisted definition, and with s reversing the first axis of P in(s, t), then Λ^2_S = 1l. Remark

Pin (3,1) and Pin (1,3) are not the only double covers of the Lorentz group. See section V for the identification of the eight double covers of the Lorentz group.

We are now in a position to rephrase the question raised at the end of Section I.A.3, and to answer it: In the Standard Model, the spin-1/2 particles are chiral particles defined by the Weyl representation which is not a representation of a Pin group but a representation of the Spin group since only even products of the 4 × 4 gamma matrices can be block diagonalized. Therefore one can ask, “How does one distinguish Pin (3,1) and Pin (1,3) particles in the Standard Model?” The answer can be found in equations (1.7) and (1.10). The squares Λ^2_P and Λ̂^2_P which distinguish Pin (3,1) and Pin (1,3) particles are even products of gamma matrices and respect the block diagonal form of matrices in the Weyl representation.

In particle physics, one chooses one of the two possible Pin groups and considers only the two parities associated with the two possible eigenvalues of the parity operator in the chosen group. Remark

In his book “The Quantum Theory of Fields Vol. I”, S. Weinberg (1995) considers only Pin (3,1) and uses Λ^2_P = 1l which is inconsistent with (1.7). But since the author argues (p. 125) that a phase transformation of Λ^2_P is of no consequence (except for Majorana neutrinos) in the context of his book, he can work with Λ^2_P = 1l. Such would not be the case, for instance, in nonorientable superstring theories (Carlip and DeWitt-Morette, 1988).

C. The issue nowadays.

It has been mentioned earlier that the four choices of Pin structures are, in principle, observable. Indeed it has been shown by C. DeWitt-Morette and B.S. DeWitt (1990) that they give different vacuum expectation values of Fermi currents on R × (R× Klein bottle). This calculation is important conceptually, but it is of little interest for an experimentalist— at least for the time being. Moreover, it gives the impression that a topologically nontrivial base space is needed to exhibit the differences between the various Pin structures. It is true that on a trivial base space, a Pin-bundle is reducible to a Spin-bundle. This means that on the overlap U_i ∩ U_j of two patches of the base manifold, the pinor field Ψ_j ≡ Ψ |_{Uj} and the pinor field Ψ_i ≡ Ψ |_{Ui} are related by

Ψ_j = ΛΨ_i (1.11)

with Λ an element of the Spin group. But Ψ can nevertheless be acted upon by the full Pin (3,1) group, and be distinguished from Ψ̂.

The purpose of this paper is to clarify the properties of pinor representations and to examine the possibility of finding experimentally to which of the two Pin groups a given (s)pin-1/2 particle belongs. If all the (s)pin-1/2 particles do not belong to the same Pin group, we would obtain a classification of (s)pin-1/2 particles based on the full Lorentz group, finer than the classification based on the proper Lorentz group.

In Section II we relate the unitary time reversal operator Λ_T to the antiunitary time reversal operator Θ, used in quantum physics, and investigate if the Kramers’ degeneracy can be used to distinguish Ψ and Ψ̂-particles. The operators Λ_T and Θ are related by charge conjugation which is reviewed in Section IV.

In Section III we investigate the possibility of determining Λ^2_P or Λ̂^2_P for electrons. In Section IV, we construct the charge conjugation operators, both the antiunitary operator acting on the Dirac wave function and the unitary operator acting on the Dirac field operator. We establish that Majorana neutrinos, if they exist, can only be Ψ particles.

In Section V, we discuss briefly the eight double covers of the Lorentz group. In Appendix A we recall the definitions of Dirac and Majorana adjoints and their use in defining charge conjugation.

In Appendix B we establish that a CPT transformation is merely an orientation preserving Lorentz transformation.

In Appendix C we compare definitions and equations used when working with Pin (3,1) and Pin (1,3).

We are only considering the real Pin groups, defined by (1.3) and (1.4), and their real or complex representations. Our choice of real Pin groups is based on two arguments. A real Pin group is constructed from a real Clifford algebra, whose linear subspace spanned by the γ_α is isomorphic with real spacetime. Furthermore, experiments have shown that spin-1/2 particles indeed behave under rotations as representations of a double cover of O(3, 1) or O(1, 3) (see e.g. Rauch et al., 1975 and Werner et al., 1975), and the double covers of O(3, 1) and O(1, 3) are the real Pin groups Pin (3,1) and Pin (1,3), respectively.

II. TIME REVERSAL AND THE KRAMERS’ DEGENERACY

Kramers has shown (see e.g. Sakurai, 1985, p. 281 or Merzbacher, 1970,p. 408; see also Avron et al., 1989, p.601) that, given an antiunitary operator Θ such that

ΘΘ^∗ = −1l

and such that it commutes with the hamiltonian H of the system, the eigenstate (|n⟩) of H and the time reversed eigenstate Θ(|n⟩^∗) are two different states with the same energy. This degeneracy can be removed by adding an interaction which does not commute with Θ.

The proof of Kramers’ theorem is as follows. If |n⟩ and Θ(|n⟩^∗) were the same state, then Θ(|n⟩^∗) = e^{iδ}|n⟩. The time reversed of the time reversed state Θ(|n⟩^∗) is ΘΘ^∗|n⟩ = e^{−iδ}Θ(|n⟩^∗) = |n⟩. Since ΘΘ^∗ = −1l, the state |n⟩ and its time reversed state Θ(|n⟩^∗) cannot be the same state. If Θ commutes with the Hamiltonian, the states |n⟩ and Θ(|n⟩^∗) are two different states with the same energy.

Can the Kramers’ theorem provide a method for distinguishing Ψ-particles (with Λ^2_T = −1l) from Ψ̂-particles (with Λ̂^2_T = 1l)? Before answering this question we must establish the relationship between the antiunitary time reversal operator Θ and the unitary time reversal operator Λ_T .

A. Mathematical (alias relativistic, unitary) time reversal and Physical (alias nonrelativistic, antiunitary) time reversal

Maxwell equations read either div ⃗H = 0, curl ⃗E + ˙⃗H = 0, div ⃗E = ρ, curl ⃗H − ˙⃗E = ⃗ȷ, (2.1)

or, if one wants to emphasize their relativistic invariance, dF = 0, δF + J = 0.

(2.2)

In the context of Eqs. (2.1), one usually considers a time reversal operator Θ_{MR} (short for motion reversal) that does not change the sign of the charge. On the other hand, the covariant current four vector J in Eqs. (2.2) transforms under a Lorentz transformation [L^α_β] ∈ O(3, 1), as follows: J^′_α ( L^δ_γ x^γ ) L^α_β = J_β ( x^δ ) . (2.3) In particular, if [L^α_β] is the time-reversal transformation T , i.e., [T^α_β] = diag(1, 1, 1, −1), (2.4) the charge density changes sign: J^′_4(⃗x, −t) = −J_4(⃗x, t). (2.5) Let C be the charge operator that changes the sign of the charge, then T = Θ_{MR}C = CΘ_{MR}. (2.6) A similar relationship exists between the time reversal operator Λ_T acting on a pinor field Ψ^′ ( T^α_β x^β ) = Λ_T Ψ (x^α) , Λ_T Γ_αΛ^{−1}_T = Γ_βT^β_α, (2.7) where {Γ_α} is a matrix representation of {γ_α}, and the antiunitary time reversal operator Θ used in physics Ψ^′ ( T^α_β x^β ) = ΘΨ^∗ (x^α) . (2.8) Indeed, we shall show that Λ_T = ΘD^{−1}_+ , (2.9) where the antilinear charge conjugation operators D_+ and D_− are defined by D^{−1}_± Γ_αD_± = ±Γ^∗_α. (2.10)

The proof of Eqs. (2.9) is as follows:

The Dirac equation

(Γ^α (∂_α + iqA_α) − m) Ψ = 0 (2.11)

is invariant under antiunitary transformations A of Ψ induced by Lorentz transformations Ψ ( L^α_β x^β ) = AΨ^∗ (x^α) (2.12) if AΓ^{α∗}A^{−1} = ( L^{−1} )α β Γ^β. (2.13)

This condition is equivalent to ± ( AD^{−1}_± ) Γ^α ( D_±A^{−1} ) = ( L^{−1} )α β Γ^β. (2.14)

If, in (2.12), we set L^α_β = T^α_β, then A = Θ, and the above condition is equivalent to ΘD^{−1}_+ = Λ_T . � (2.15)

There are several reasons for introducing the antiunitary operator Θ in 2.8. One of them is the requirement, necessary in a theory free of negative energy states, that the fourth component of the energy-momentum vector does not change sign under time reversal. Both antiunitary time reversal operators Θ_{MR} in 2.6 and Θ in 2.8 are introduced in physics to satisfy positivity requirements – charge or energy, as the case may be. The operators Θ_{MR} and Θ defined respectively by 2.6 and 2.8 can be called physical time reversal operators; and T and Λ_T defined respectively by 2.4 and 2.7 can be called mathematical time reversal operators.

B. Kramers’ degeneracy

Kramers’ theorem does not apply to Λ_T (although Λ^2_T = −1l) because Kramers’ theorem does not apply to unitary time reversal operators.

Therefore we consider the antiunitary operators Θ and Θ̂ corresponding to Λ_T and Λ̂_T , respectively.

Λ_T = ΘD^{−1}_+ ; Λ̂_T = Θ̂D̂^{−1}_− A double time reversal is not produced by Θ^2 but by ΘΘ^∗, since, according to the defining equation 2.8,

Ψ^{′′} (x^α) = Θ (ΘΨ^∗ (x^α))^∗ = ΘΘ^∗Ψ (x_α) . (2.16)

Whereas Λ^2_T ≠ Λ̂^2_T , the double physical time reversal

ΘΘ^∗ = Θ̂Θ̂^∗ = −1l. (2.17)

Both Ψ- and Ψ̂-particles can be used to construct degenerate time-reversed pairs. It follows that Kramers’ degeneracy cannot be used to distinguish Ψ-particles and Ψ̂-particles.

III. SPACE REVERSAL

In P in(3, 1) and P in(1, 3), two successive parity transformations are given, respectively, by Λ^2_P = −1l and Λ̂^2_P = 1l. Hence if one could construct an experiment corresponding to Fig. 2, one might be able to differentiate between the two types of pinor particles. A particle field must somehow be split into two fields, one of which is inverted twice while the other is left unaffected. Then the two fields must be brought back together and allowed to interfere. Where P in(3, 1) particles interfere destructively, P in(1, 3) particles will interfere constructively. The transformations Λ_P = ±γ_0 and Λ̂_P = ±γ̂_0, corresponding to a single parity transormation, also differ and could be used in place of the two successive parity transformations in this type of experiment. The analysis of the experiment might become more involved, however, since Λ_P and Λ̂_P are not proportional to the identity transformation.

Ψ -@ @@ � � -_Λ2_P - - −Ψ

Ψ � �` @@ @R - destructive interference

Ψ̂ -@ @@ � � -^_Λ2_P - - +Ψ̂

Ψ̂ � �` @@ @R - constructive interference

FIG. 2. A type of experiment which should give different results for the two types of pinors.

A. Parity transformation by reversing magnetic fields?

Not knowing how to construct a space reversal apparatus (the boxes in Fig. 2) we considered the following experiment:

A particle beam is split in two parts: One part passes through a magnetic field in the ^⃗x direction followed by a magnetic field in the ^⃗y direction as in Fig. 3, the other part passes through a magnetic field in the ^⃗x direction followed by a magnetic field in the −^⃗y direction. The two parts of the beam are then recombined and interfere. One part of the beam will have passed through a magnetic field pattern which could be obtained from the magnetic field pattern through which the other part of the beam passed by a simple parity transformation {^⃗x −→ ^⃗x, ^⃗y −→ −^⃗y, ^⃗z, −→ ^⃗z}; we thought this would be equivalent to one part of the beam’s having undergone a parity transformation relative to the other part of the beam, and would achieve the purpose of the type of experiment shown in Fig. 2.

x̂ � 6 ẑ -_ŷ y x̂ � 6 ẑ -_ŷ y

x̂ � 6 ẑ -_ŷ y

6^⃗S -
                 �⃗B_1 �

                  �`

⃗S

- -_{⃗S, ⃗B}

2

FIG. 3. A z-polarized election is placed for a while in a magnetic field ⃗B_1 along the x-axis causing its spin to precess about the x-axis; later on a magnetic field ⃗B_2 in the y-direction is switched on. One could also consider an electrically neutral spin 1/2 particle in a potential μ⃗s · ⃗B = μϵ_{ijk}σ^{ij}B^k (i, j, k, ϵ{1, 2, 3}) where μ is the gyromagnetic ratio and σ^{ij} the spin angular momentum operator.

An explicit calculation by Eric Kramer (1991) showed that the interference of the two parts of the beam having experienced the different magnetic field configuations ( ⃗B_1, ⃗B_2) and ( ⃗B_1, − ⃗B_2) is the same for a Pin (3,1) beam and for a Pin (1,3) beam. With the confidence based on an explicit nontrivial calculation we can give the reason why the proposed set up does not test parity. “Obvious” would say some; “Obvious arguments are not reliable to settle subtle issues” is the obvious retort.

i) The explicit calculation consists in comparing the transition amplitudes for Pin (3,1) and Pin (1,3) electrons moving under the conditions described in Fig. 3. The system evolves according to the Dirac equation which reads

(Γ^α(∂_α + iqA_α) − m)ψ = 0 for Pin(3, 1)particles (Γ̂^α(∂_α + iqA_α) + im)ψ̂ = 0 for Pin(1, 3)particles

The Γ̂^α may be represented as matrices equal to −iΓ^α; the equations (albeit written differently) represent the same evolution. Let the initial states |ψ(t_i) > and |ψ̂(t_i) > be given respectively by |ψ(t_i) >= ∫ d^3pΣ_{αβ}c_{αβ}(p)|p, α, β > |ψ̂(t_i) >= ∫ d^3pΣ_{αβ}ĉ_{αβ}(p)| “⃗p, α, β > where |⃗p, α, β > are Pin (3,1) electron eigenstates with p_μ = α(−⃗p, √ m^2 + |⃗p|^2) and spin β/2 in the ⃗p-direction, and | “⃗p, α, β > are eigenstates for Pin (1,3) electrons. These two intitial states represent the same physical state if and only if c_{αβ}(⃗p) = ĉ_{αβ}(⃗p) for all {⃗p, α, β}. Two equivalent initial states, under the same evolution, remains equivalent throughout all time. Both parts of the beam in the Pin (3,1) case evolve exactly the same way as their respective counterparts in the Pin (1,3) case, the interference patterns produced in either case are identical. The same will hold true for any electromagnetic configuration.

B. Parity transformation by reflection?

Since the previous experiment turned out not to give a parity transformation it was suggested by several colleagues to Eric Kramer that he should look at the interference between the two parts of a particle beam passing through some medium M as shown in Fig. 4. The part which follows path 1 is transmitted directly through the medium, whereas the part which follows path 2 is reflected twice before passing through. We were told that such an experiment could be achieved by passing neutrons through a magnetic crystal.

Although the idea of reflecting might bring to mind the idea of making a parity transformation, the reflections involved here have nothing to do with the parity transformation Λ_P (or Λ̂_P ). In other words, although the neutrons following path 2 are reflected twice, they do not undergo any parity transformations as called for in Fig. 2. Hence this setup also fails to realize Fig. 2.

� � � � � �

� � � � � �

� � � � � �

� � � � � �

� � � � � �

� � � � � �

� � � � � � � � � �

� � � � �

� � � � �

M

ææ ææ ææ ææ ææ ææ¿¸

¸¸¸¸¸

¸¸¸¸¸¸:

XXXXX

XXXXX

XXy̧¸¸¸

¸¸¸¸¸

¸¸¸:æ ææ ææ ææ ææ æææ¿

ææ ææ ææ ææ ææ ææ¿

1

2

FIG. 4. A reflection experiment intended to find a difference between two types of pinors.

� � � � � �

� � � � � �

� � � � � �

� � � � � �

� � � � � �

� � � � � � � � � �

� � � � �

� � � � � ææ ææ ææ ææ ææ ææ¿Z ZZ ZZ ZZ ZZ ZZZ̋

� � � � �Œ

- 6 ẑ x̂

V ≠ 0 V = 0

Ψ^{′′} Ψ^′

Ψ

FIG. 5. Reflection and transmission of a pinor particle at an interface.

That reflection at a boundary does not produce any parity transformation is best seen by just solving the problem of reflection and transmission of a plane wave between two media, one with a free-particle Dirac Hamiltonian and one with a Hamiltonian consisting of the free-particle part plus a potential V , as in Fig. 5. The solution of this problem can be found in several books. See, for instance, S. Flügge (1971) for a detailed presentation (in the Dirac representation). In brief, given an incoming Pin (3,1) plane wave of momentum ⃗p ψ = Σ_{α,β}c_{α,β}exp(iV t) < ⃗x, t|⃗p, α, β >, (3.1) requiring the final solution to be continuous at z = 0 implies that there must also be a reflected plane wave Ψ^′ = ∑ αβ c^′_{αβ}e^{iV t}⟨⃗x, t|⃗p^′αβ⟩ and a transmitted plane wave Ψ^{′′} = ∑ αβ c^{′′}_{αβ}⟨⃗x, t|⃗p^{′′}αβ⟩, as shown in Fig. 5. The ⃗p^′, ⃗p^{′′}, c^′_{αβ} and c^{′′}_{αβ} can be solved for in terms of ⃗p and c_{αβ} from the requirement that the full solution be continuous (i.e. requiring the equality in the limit z → 0 of Ψ + Ψ^′, which defines the solution for z < 0, with Ψ^{′′}, which defines the solution for z > 0). The boundary condition at z = 0 leads to the same equations for getting (⃗p^′, ⃗p^{′′}, c^′_{αβ}, c^{′′}_{αβ}) for two equivalent Pin (3,1) and Pin (1,3) incoming plane waves.

In other words a given ⃗p and c_{αβ} will imply the same {⃗p^′, ⃗p^{′′}, c^′_{αβ}, c^{′′}_{αβ}} in Pin(3,1) as in Pin(1,3), representing the same physical content for each case. Neither Λ_P (nor Λ̂_P ) enters the mathematical description of reflection.

IV. CHARGE CONJUGATION AND MAJORANA PARTICLES

We shall prove that Majorana particles, if they exist, can only be Ψ-particles. A similar conclusion had been reached by Yang and Tiomno (1950), and by Berestetskii, Lifshitz and Pitaevskii (1982), but without any indication that there are two inequivalent Pin groups. To identify Majorana particles as Ψ-particles we need to review the definition of Majorana particles, antiparticles, and charge conjugation (electric and nonelectric charges):

• A particle is said to be Majorana if it is identical with its antiparticle.

• Particles and antiparticles have opposite intrinsic quantum numbers (charge).

Therefore we begin with a review of charge conjugation.

A. Particles and antiparticles

At first charge conjugation meant the electric charge conjugation of the Dirac equation. The fields Ψ^c and Ψ are charge conjugate if they satisfy the charge conjugate equations

(Γ^α (∂_a + iqA_α) − m) Ψ = 0 (4.1)

(Γ^α (∂_α − iqA_α) − m) Ψ^c = 0. (4.2)

Hence

Ψ^c = D_+Ψ^∗ where D^{−1}_± Γ_αD_± = ±Γ^∗_α. (4.3)

For massless fields, but for massless fields only, we note that D_−Ψ^∗ also defines a charge conjugate field of Ψ with the same energy spectrum as Ψ. In the Dirac representation of the gamma matrices, D_+ = ±Γ_2, D_− = ±Γ_0Γ_1Γ_3.

Later on the notion of charge conjugate particles has been extended to electrically neutral pairs of particles, and to charges other than electrical—“charge” conjugate pairs being called particles-antiparticles.

If Ψ is a spin-1/2 particle, then Ψ^c := D_+Ψ^∗ is an antiparticle. (4.4)

Nowadays, in the context of quantum field theory, a Dirac field operator Ψ acting on a Fock space of particle and antiparticle states is decomposed into particle and antiparticle plane wave solutions of the Dirac equation,

Ψ(x) = u(⃗p, s) exp(ip · x) particle (4.5a)

Ψ^c(x) = v(⃗p, s) exp(−ip · x) = D_+Ψ^∗(x) antiparticle, (4.5b)

as follows:

Ψ(x) = 1 √ Ω ∑ ⃗p,s ( a(⃗p, s)u(⃗p, s) exp(ip · x) + b^†(⃗p, s)v(⃗p, s) exp(−ip · x) ) (4.6)

where a(⃗p, s) annihilates a particle of momentum ⃗p, spin state s b^†(⃗p, s) creates an antiparticle of momentum ⃗p, spin state s.

The charge conjugate operator is

Ψ^c(x) = 1 √ Ω ∑ ⃗p,s ( b(⃗p, s)u(⃗p, s) exp(ip · x) + a^†(⃗p, s)v (⃗p, s) exp(−ip · x) ) (4.7)

where b annihilates an antiparticle and a^† creates a particle [ a(⃗p, s), a^† (⃗p^′, s^′) ] = δ (⃗p − ⃗p^′) δ_{s,s}0 ; [ b(⃗p, s), b^† (⃗p^′, s^′) ] = δ (⃗p − ⃗p^′) δ_{s,s}0 . (4.8) The charge conjugation operator U_c on Fock space, is by definition the unitary operator on Fock space which exchanges particles and antiparticles U_ca(⃗p, s)U^†_c = b(⃗p, s) U_cb(⃗p, s)U^†_c = a(⃗p, s). (4.9) Hence

Ψ^c = U_cΨU^†_c . (4.10)

Since D_+D^∗_+ = 1l in P in(3, 1), it follows that Ψ^c = D_+Ψ^† (4.11)

where the dagger denotes hermitian adjoint operator on the Fock space, and complex conjugate in the space spanned by the plane wave solutions u and v.

B. Majorana particles are Pin (3,1) particles

By definition a Majorana wave function Ψ^M , or a Majorana field operator Ψ^M , are such that

Ψ^M (x) = ( Ψ^M )c (x) = D_+Ψ^{M∗}(x) (4.12)

Ψ^M (x) = ( Ψ^M )c = D_+Ψ^{M†}(x) (4.13) = 1 √ Ω ∑ ⃗p,s ( a(⃗p, s)u(⃗p, s) exp(ip · x) + a^†(⃗p, s)v(⃗p, s) exp(−ip · x) ) .

Either definition implies that a Majorana particle is a Ψ-particle, i.e., the Ψ^M -pinors, and u and v-Majorana pinors belong to a representation of P in(3, 1).

The argument of the proof is the same in both cases: To be meaningful, the defining condition must remain satisfied under a parity transformation. That is

Λ_P Ψ^M = ( Λ_P Ψ^M )c = D_+ ( Λ_P Ψ^M )∗

= D_+Λ^∗_P D^{−1}_+ D_+Ψ^{M∗}

= D_+Λ^∗_P D^{−1}_+ Ψ^M .

Hence

Λ_P = D_+Λ^∗_P D^{−1}_+ (4.14)

which is precisely the defining equation (2.10) of D_+. � On the other hand, the charge conjugate Ψ̂-particles are solutions of the charge conjugate equations ( Γ̂^α (∂_α + iqA_α) + im ) Ψ̂ = 0 ( Γ̂^α (∂_α − iqA_α) + im ) Ψ̂^c = 0.

Hence Ψ̂^c = D̂_−Ψ̂^∗ where D̂^{−1}_± Γ̂_αD̂_± = ±Γ̂^∗_α.

The condition Ψ̂^M = Ψ̂^{Mc} = D̂_−Ψ̂^∗

cannot be satisfied since D̂_−Λ̂^∗_P D̂^{−1}_− = −Λ̂_P .

A similar argument applies to the field operator Ψ^M . Under a parity transformation u(⃗p, s) → Λ_P u(⃗p, s) v(⃗p, s) → Λ_P v(⃗p, s), Ψ^M (x) = Ψ^{Mc}(x) = D_+Ψ^{M†}(x) implies ( Λ_P Ψ^M )c = D_+ ( Λ_P Ψ^M )†

= D_+Λ^∗_P Ψ^{M†} = D_+Λ^∗_P D^{−1}_+ Ψ^M , = Λ_P Ψ^M by the definition of D_+.

In P in(1, 3), on the other hand, one has Ψ̂ = 1√ Ω ∑ ⃗p,s ( â(⃗p, s)Ψ̂_{⃗p,s}(x) + b̂^†(⃗p, s)Ψ̂^c_{⃗p,s}(x) )

and Ψ̂^c = D̂_−Ψ̂^† (since D̂_−D̂^∗_− = 1l). Therefore Ψ̂(x) = Ψ̂^c(x) = D̂_−Ψ̂^†(x) would imply ( Λ̂_P Ψ̂ )c = D̂_− ( Λ̂_P Ψ̂ )†

= D̂_−Λ̂^∗_P Ψ̂^† = D̂_−Λ̂^∗_P D̂^{−1}_− Ψ̂ = −Λ̂_P Ψ̂.

Remark:

P. Van Nieuwenhuizen (1984) defines a Majorana particle as a particle such that its Dirac adjoint is equal to its Majorana adjoint (see Appendix A for the definitions of adjoints). According to his definition, a Majorana pinor is such that ψ^c = ±ψ, rather than the more commonly used condition ψ^c = ψ.

C. Existence of Majorana particles

Double beta decay occurs usually with the emission of two neutrinos. But if the neutrino associated with a beta decay is reabsorbed to produce a second beta decay, then no neutrino is emitted, and the process is called neutrinoless double beta decay. Diagrams of neutrinoless double beta decay in two different reactions are given in Fig. 6 and Fig. 7. If the same neutrino is emitted and absorbed, it has to be a particle identical with its antiparticle, i.e. it has to be a Majorana particle. The possible observation neutrinoless double beta decay is analyzed in a paper by Klapdor-Kleingrothaus (1994).

- -

- -

�ff� �ff� ff� ff� Majorana neutrino - -

d d

u u

e^− e^−

W^−

W^−

FIG. 6. Quark diagram for neutrinoless double beta decay (2n → 2p+2e^−in^{82}Se →^{82}Kr+2e^−).

- -

- -

�ff� �ff� ff� ff� Majorana neutrino - -

s̄ u

ū d

e^+ e^+

W^+

W^+

FIG. 7. We note also another type of neutrinoless double beta decay: Quark diagram for K^+ → π^− + 2e^+.

V. DOUBLE COVERS OF THE LORENTZ GROUP

After having identified Pin (3,1) and Pin (1,3) as two inequivalent covers of the Lorentz group, we have to review briefly the other double covers of the Lorentz group.

We can look at Pin (s, t) and Pin (t, s) as extension of O(s, t) (equivalently O(t, s)) by Z_2 in the short exact sequence 1 → Z_2 → G → O(s, t) → 1, Z_2 = {1, −1} Two extensions G and G^′ are equivalent if and only if G and G^′ are isomorphic and the two sequences 1 → Z_2→ G → O(s, t) → 1 ↓ ∘ ≀≀ ∘ ↓ 1 → Z_2→ G^′ → O(s, t) → 1 are made of two commutative diagrams: the two maps Z_2 → G → G^′ and Z_2 → Z_2 → G^′ are identical (up to isomorphisms)—and the same property for the other diagram.

There are eight double covers of the Lorentz group called Pin^{abc} by L. Dabrowski (1988) and characterised by Λ^2_P = a, Λ^2_T = b, (Λ_P Λ_T )^2 = c, a, b, cϵZ_2.

In the fourth column of the following table, we give the names of the corresponding finite groups with elements ±1, ±Λ_P , ±Λ_T

Λ^2_P Λ^2_T (Λ_P Λ_T )^2 group Remark

1 1 1 Z_2 ⊕ Z_2 ⊕ Z_2 Λ_T Λ_P = Λ_P Λ_T

1 -1 -1 Z_2 ⊕ Z_4 idem

-1 1 -1 Z_2 ⊕ Z_4 idem

-1 -1 1 Z_2 ⊕ Z_4 idem

-1 -1 -1 quaternion Λ_T Λ_P = −Λ_P Λ_T

-1 1 1 dihedral generating Pin (3,1) idem

1 -1 1 dihedral generating Pin (1,3) idem

1 1 -1 dihedral idem The following requirements identify the Pin groups, called cliffordian by Dabrowski (1988): Λ_T Λ_P = −Λ_P Λ_T Λ^2 ≠ Λ^2_T

By relating Λ_P , Λ_T ϵ P in(s, t) to P, T ϵ O(s t) respectively (or Λ̂_P , Λ̂_T to P, T ) we give the explicit Pin structure (group, homomorphism H: Pin group → Orthonormal group). There is an extensive literature (see Appendix D) on Pin structures, not only for Pin groups covering Lorentz groups, but also for Pin groups covering O(m, n) with arbitrary values of m and n.

VI. CONCLUSION

Our search for experiments distinguishing Ψ and Ψ̂-particles has so far given only a slim result: The observation of neutrinoless double beta decay would identify the electron neutrino exchanged in the process as a Pin (3,1) particle.

The sought-for experiments may come from far afield. It could come from systems with topologically nontrivial configuration space: It has been shown (DeWitt-Morette and DeWitt, 1990) that the vacuum expectation values of Fermi currents on Klein bottles ×R^2 computed with Pin (3,1) and Pin (1,3) are totally different. With Dirac fields acted upon by Pin (3,1) the only nonvanishing current is a pseudo scalar current. In the other case the only nonvanishing current is tensor valued. Moreover the current intensities as functions of position are also totally different. Laboratory systems with nontrivial configuration spaces exist but their investigations require expertise in condensed matter physics, atomic and molecular physics and are topics for major research projects.

In addition to offering a classification of particles finer than the Spin group, the Pin groups provide simple and straightforward definitions of time reversal, space reversal, charge conjugation and adjoint pinors. The title of this paper could be “Spin or Pin?, and a C, P, T tutorial”.

VII. ACKNOWLEDGEMENTS

It is a pleasure to thank our correspondents for their interest in the subject, but the list of their names would necessarily be incomplete, and serve little purpose other than name dropping. Special thanks are due to Steven Carlip whose suggestions have “vastly improved” the first draft of this paper.

APPENDIX A: DIRAC AND MAJORANA ADJOINTS. SEVERAL DEFINITIONS OF CHARGE CONJUGATION.

The adjoint Ψ̄ of a contravariant pinor field Ψ is a covariant pinor field (copinor) such that the duality pairing < Ψ̄, Ψ > is a scalar: ⟨Ψ̄, Ψ⟩ := ∫ spacetime ∑ A Ψ̄_A(x)Ψ^A(x)dx (A1) where Ψ(x) := ∑ A Ψ^A(x)e_A;

the adjoint Ψ̄, Ψ is defined so that < Ψ̄, Ψ > is invariant under Lorentz transformations, i.e.

⟨Ψ̄, Ψ⟩ = ⟨ΛΨ, ΛΨ⟩. (A2) When Λ ∈ P in^↑(3, 1) (i.e. the double cover of the orthochronous Lorentz group), the solutions of the equation ΛΨ = Ψ̄Λ^{−1} (A3) most frequently used are the Dirac adjoint Ψ̄_D, and the Majorana adjoint Ψ̄_M : Ψ̄_D := Ψ^†H_− (A4) where † stands for complex conjugate transposed and H_− is defined by H_±Γ_αH^{−1}_± = ±Γ^†_α, (A5) Ψ̄_M := Ψ^T T_− (A6) where T stands for transposed and T is defined by T_±Γ_αT^{−1}_± = ±Γ^T_α . (A7) See Table 1, for explicit expressions of H_− and T_−.

When Λ is not restricted to be an element of Pin^+(3, 1), (see Choquet-Bruhat and DeWitt-Morette (1989), pp. 36-37)

Ψ̄_D = a_λΨ^+H_−.

where a_λ is a representation of Pin (3,1) in Z_2 = {1, −1}; namely a_λ = 1 for λϵ Pin^+(3.1) and a_λ = −1 otherwise.

It is possible to define the Dirac adjoint of a pinor field on a hyperbolic manifold which admits a time orientation. A pin frame is future [resp. past] oriented if it projects onto a future [resp. past] oriented Lorentz frame. To each pin frame is associated a number equal to 1 if it is future oriented and to a −1 otherwise. The Dirac adjoint is affected by this sign. For the explicit expression, when pinors are defined as equivalence classes, see Choquet-Bruhat and DeWitt-Morette (1989).

Similar conclusions hold for Pin (1,3) and for Majorana’s adjoints. Charge conjugation is often defined in terms of the Dirac adjoint

Ψ^c = T^{−1}_− Ψ̄^T_D, (A8)

and occasionally in terms of the Majorana adjoint

Ψ^c = H^{−1}_− Ψ̄^†_M . (A9)

We shall prove that both definitions are equivalent to the natural definition (4.3), namely Ψ^c = D_+Ψ^∗ .

It follows from the definitions (A5) and (A7) that − ( H^T_− )−1 Γ^T_α H^T_− = ( H^T_− )−1 ( T_−Γ_αT^{−1}_− ) H^T_− = Γ^{†T}_α = Γ^∗_α,

whence by definition (IV.3)

D_+ = T^{−1}_− H^T_−.

Hence T^{−1}_− Ψ̄^T_D = T^{−1}_− (Ψ^†H_−)^T = T^{−1}_− H^T_−Ψ^∗ = D_+Ψ^∗.

Similarly, it follows from the definitions (A7) and (A5) that − ( T^†_− )−1 Γ^†_αT^†_− = ( T^†_− )−1 ( H_−Γ_αH^{−1}_− ) T^†_− = Γ^{T †}_α = Γ^∗_α, whence by definition (IV.3) D_+ = H^{−1}_− T^†_−.

Hence H^{−1}_− Ψ̄^†_M = H^{−1}_− (Ψ^T T_−)^† = H^{−1}_− T^†_−Ψ^∗ = D_+Ψ^∗.

In P in(1, 3), ^̄Ψ_D := Ψ̂†Ĥ_+ and ^̄Ψ_M := Ψ̂T T̂_− so that ^̄Ψ_D and ^̄Ψ_M satisfy equations which relate to the Dirac equation for Ψ̂ in the same way that the equations satisfied by Ψ̄_D and Ψ̄_M relate to the Dirac equation for Ψ (see Table 1). Consequently ⟨ ^̄Ψ_D, Ψ̂⟩ is invariant under orthochronous Lorentz transformations (Lorentz transformations connected to 1l or P ) but ⟨ ^̄Ψ_M , Ψ̂⟩ is invariant under Lorentz transformations connected to 1l and T . See for instance [Choquet- Bruhat and DeWitt-Morette, pp. 36–37].

Remark

The attribute “Majorana” is applied to representations, particles, and adjoint pinors with different meanings. For instance, if one calls “Majorana” a real representation of the gamma matrices, then Majorana pinors such that Ψ^c = Ψ do not necessarily define a real representation. Remark

In a change of representation defined by

Ψ −→ ΛΨ , Γ_α −→ ΛΓ_αΛ^{−1}

then

D_± −→ ΛD_± (Λ^∗)^{−1} T_± −→ ( Λ^T )−1 T_±Λ^{−1} H_± −→ ( Λ^† )−1 H_±Λ^{−1}.

APPENDIX B: “CPT” TRANSFORMATION

The “CPT” theorem is in the terminology of this paper a CPΘ theorem where Θ is the antiunitary time reversal (see paragraph 2.1). There are different equivalent, formulations of the “CPT” theorem. For example H.P. Stapp (1962) stated: “The “CPT” theorem states that for every process occuring in nature there is an allowed dual process in which the particles of the first are replaced by their respective antiparticles, all spins are reversed, and paths are changed to their images under inversion through the origin of space-time.” This theorem was proved first by G. Lüders (1954) and W. Pauli (1955), it was discussed by Lüders and Zumino (1957) and proved rigorously in axiomatic field theory by R. Jost (1957) and by F.J. Dyson (1958). In 1961, Stapp showed that the CPT theorem is a consequence of postulates of the S-matrix much weaker than those of field theory; namely his proof depends on unitarity, macroscopic relativistic invariance, and a very weak analyticity requirement on the mass-shell scattering functions. Here we show that a CPΘ transformation (the transformation usually called CPT) is simply an orientation preserving Lorentz transformation. Indeed a CPΘ transformation of a spinor field Ψ is given by

D_+(Λ_P (ΘΨ^∗))^∗ = (D_+Λ^∗_P Λ^∗_T D^∗_+)Ψ = (D_+Λ^∗_P Λ^∗_T D^{−1}_+ )D_+D^∗_+Ψ = Λ_P Λ_T Ψ.

On a spinor field Ψ̂ one has

D̂(Λ̂_P (Θ̂Ψ̂^∗))^∗ = (D̂_−Λ̂^∗_P Λ̂^∗_T D̂^∗_−)Ψ̂ = (D̂_−Λ̂^∗_P Λ̂^∗_T D̂^{−1}_− )D̂_−D̂^∗_−Ψ̂ = Λ̂_P Λ̂_T Ψ̂.

The fact that CPΘ (i.e. the usual CPT) is an orientation preserving Lorentz transformation implies that it is unitary. It also implies that the existence of antiparticles is a consequence of orientation preserving Lorentz transformations.

APPENDIX C: PIN(3,1) AND PIN(1,3).

Table 1 summarizes the results established in the previous paragraphs for Pin(3,1) and lists the corresponding results for Pin(1,3). Generalizations to P in(s, t) and P in(t, s) for arbitrary s and t can be obtained by combining the results of this paper with an earlier paper by DeWitt-Morette and Gwo (1990).

TABLES Pin(3, 1) Pin(1, 3) Λ^2_P = −1l, Λ^2_T = −1l, Λ̂^2_P = 1l, Λ̂^2_T = 1l, Λ^2_{P T} = −1l, Θ^2 = −1l Λ̂^2_{P T} = −1l, Θ̂^2 = −1l Dirac Equation [Γ^α(∂_α + iqA_α) − m]Ψ = 0 [Γ̂^α(∂_α + iqA_α) + im]Ψ̂ = 0 D^{−1}_+ Γ_αD_+ = Γ^∗_α D̂^{−1}_− Γ̂_αD̂_− = −Γ̂^∗_α T_−Γ_αT^{−1}_− = −Γ^T_α T̂_−Γ̂_αT̂^{−1}_− = −Γ̂^T_α H_−Γ_αH^{−1}_− = −Γ^†_α = −Γ^{∗T}_α Ĥ_+Γ̂_αĤ^{−1}_+ = Γ̂^†_α = Γ̂^{∗T}_α In the Dirac D_+ = Γ_2 D̂_− = iΓ̂_2 Representation T_− = iΓ_2Γ_4 T̂_− = iΓ̂_2Γ̂_4 H_− = iΓ_4 Ĥ_+ = Γ̂_4 Dirac Adjoint Ψ̄_D = Ψ^†H_− ^̄Ψ_D = Ψ̂^†Ĥ_+ Majorana Adjoint Ψ̄_M = Ψ^T T_− ^̄Ψ_M = Ψ̂^T T̂_− Equations Ψ̄_D[Γ^α( ←− ∂_α − iqA_α) + m] = 0 ^̄Ψ_D[Γ̂^α( ←− ∂_α − iqA_α) − im] = 0 Satisfied by Ψ̄_M [Γ^α( ←− ∂_α + iqA_α) + m] = 0 ^̄Ψ_M [Γ̂^α( ←− ∂_α + iqA_α) − im] = 0 Ψ̄_D, Ψ̄_M , Ψ̄c_D[Γα(←−∂_α + iqA_α) + m] = 0 ^̄Ψ^c_D[Γ̂α(←−∂_α + iqA_α) − im] = 0 Ψ̄c_D and Ψ̄c_M Ψ̄c_M [Γα(←−∂_α − iqA_α) + m] = 0 ^̄Ψ^c_M [Γ̂α(←−∂_α − iqA_α) − im] = 0 Charge [Γ^α(∂_α − iqA_α) − m]Ψ^c = 0 [Γ̂^α(∂_α − iqA_α) + im]Ψ̂^c = 0 Conjugate Ψ^c = D_+Ψ^∗ Ψ̂^c = D̂_−Ψ̂^∗ = T^{−1}_− Ψ̄^T_D = H^{−1}_− Ψ̄^†_M = T̂^{−1}_− ^̄Ψ^T_D = Ĥ^{−1}_+ ^̄Ψ^†_M Time Ψ^′(T x) = ΘΨ^∗(x) Ψ̂^′(T x) = Θ̂Ψ̂^∗(x) Reversal Θ = Λ_T D_+ Θ̂ = Λ̂_T D̂_− Λ_T = Γ_1Γ_2Γ_3 Λ̂_T = Γ̂_1Γ̂_2Γ̂_3 In the Dirac Θ = Γ_1Γ_3 Θ̂ = iΓ̂_1Γ̂_3 Representation

TABLE I. Pin(3,1) and Pin(1,3)

The difference between P in(s, t) and P in(t, s) is due to the fact that the mapping

Γ_α −→ Γ̂_α = iΓ_α

is a bijection but not an isomorphism, a fact that is strikingly apparent in Table 1: one does not obtain the P in(t, s) equations by putting hats on the P in(s, t) equations.

{Γ_α} is said to be a unitary representation of {γ_α} if

Γ_αΓ^†_α = 1l.

For the free particle Hamiltonian of a spin-1/2 particle to be self-adjoint, one must have Γ^{μ†} = Γ^0Γ^μΓ^0 (likewise Γ̂^{μ†} = Γ̂^0Γ̂^μΓ̂^0); in flat spacetime, with g_{μν} = η_{μν} (and ĝ_{μν} = η̂_{μν}), this implies Γ_μ^† = Γ_0Γ_μΓ_0 (likewise Γ̂_μ^† = Γ̂_0Γ̂_μΓ̂_0), hence Γ_μ^† = (Γ_μ)^{−1} (and Γ̂_μ^† = (Γ̂_μ)^{−1}). In any unitary representation of P in(3, 1), Γ_i (i = 1, 2, 3), is hermitian, and Γ_4 is antihermitian. See Table 1 for matrix representations of D_+, D̂_−, T_−, T̂_−, H_− and Ĥ_+, valid in any unitary representation unless otherwise indicated. We list only the ones needed for constructing solutions of the Dirac charge conjugate equation and adjoint equation, given a solution of the Dirac equation.

APPENDIX D: SOME RELATED LITERATURE, OTHER THAN QUOTED IN THE REFERENCES.

The following is a list of references which have been and/or may turn out to be of interest in relation to the topic of this paper. The list is by no means exhaustive.

• General discussions of the mathematics of the two pin groups and/or CPT.

1. F. Gürsey, Ed., Group Theoretical Concepts and Methods in Elementary Particle Physics (Gordon and Breach, New York, 1964) including in particular reference 9. 2. R.M.F. Houtappel, H. van Dam, and E.P. Wigner, “The Conceptual Basis of Invariance Principles” in Reviews of Modern Physics 37, 595 - 632 (1965).

3. R. Jost, “Sur le Théorème CTP” in Les Problèmes Mathématiques de la Théorie Quantique des Champs, Lille, 3-8 Juin, 1957 (Centre National de la Recherche Scientifique, Paris, 1959).

4. L. Michel, “Selection Rules Imposed by Charge Conjugation” in Nuovo Cimento 10, 319–339 (1953).

5. H. Lehmann “Uber Eigenschaftern von Ausbreitungsfunktionene und Renormierungskonstanten quantisierter Felder” in Nuovo Cimento 11, 342-357 (1954). W. Pauli commented on this paper in a course given at E.T.H., Zurich in the summer of 1957.

6. P. Roman, Theory of Elementary Particles (North-Holland, Amsterdam, 1961), p. 246 ff.

7. S. Sternberg, “On Charge Conjugation” in Communications in Mathematical Physics 109, 649-679 (1987).

8. S. Sternberg, “Parity and Time Reversal for Massive Fermions” in private communication.

9. I. H. Umezawa, Quantum Field Theory (North-Holland, Amsterdam 1956). 10. G.C. Wick, “Invariance Principles of Nuclear Physics” in Annual Review of Nuclear Science, vol. 8 pp. 1-48, edited by E. Segrè, G. Friedlander, and W.E. Meyerhof (Annual Reviews, Palo Alto, California, 1958).

11. E. P. Wigner, “Unitary Representations of the Inhomogeneous Lorentz Group Including Reflections” pp. 37–80, loc. cit. in 1.

• Superselection rules (See also Wick et al., 1952 and Aharanov and Susskind, 1967)

1. R.F. Streater, “Gauge Fields and Superselection Rules” in Acta Physica Austriaca Supplementum 11, 317-340 (1973).

2. R.F. Streater, “Charges and Currents in the Thirring Model” in Physical Reality and Mathematical Description, edited by C.P. Enz and J. Mehra (D. Reidel, Dordrecht, 1974).

3. F. Strocchi and A.S. Wightman, “Proof of the Charge Superselection Rule in Local Relative Quantum Field Theory” in Journal of Mathematical Physics 15, 2198-2224 (1974).

• Pin structures

References found in these papers lead to a rich literature.

1. L.J. Alty and A. Chamblin, “Obstructions to pin structures on Kleinian manifolds” in J. Math. Phys. 37, 2001-200011 (1996).

2. A. Chamblin, “On the Obstructions to Non-Cliffordian Pin Structures,” in Comm.

Math. Phys. 164, 65-87 (1994).

3. A. Chamblin and G.W. Gibbons, “A judgement on Sinors” in Classical and Quantum Gravity 12, 2243-2248 (1995) 4. Choquet-Bruhat and DeWitt-Morette (1989) pp. 134-156 and pp. 157-158 references prior to 1989.

5. S.W. Hawking and C.N. Pope, “Generalized Spin Structures in Quantum Gravity” in Phys. Lett 73B, 42-44 (1978).

• Spinors on non-trivial manifolds.

1. A.O. Barut and L.P. Singh, “Exact Solutions of the Dirac Equation in Spatially Nonflat Robertson-Walker Space Times. II”, International Center for Theoretical Physics-Trieste preprint IC/90/205 (1990).

2. J.L. Friedman, N. Papastamatiou, L. Parker, and H. Zhang, “Non-Orientable Foam and an Effective Planck Mass for Point-Like Fermions” in Nuclear Physics B309, 533-551 (1988).

3. B. Grinstein and R. Rohm, “Dirac and Majorana Spinors on Non-Orientable Riemann Surfaces” in Communications in Mathematical Physics 111, 667-675 (1987).

4. C.J. Isham “Spinor fields in four dimensional spacetime” in Proc. Roy. Soc. of London 364 A, 591-599 (1978).

5. Y. Ne’eman and D. Šijački, “GL(4, R) Group-Topology, Covariance and Curved- Space Spinors”, Int. J. Mod. Phys. A2, 1655-1669 (1987).

• Solution of the Dirac Equation in Electromagnetic Fields

1. A.O. Barut and H. Becker, “Exact Solution of Spin (Rabi) Precession, Transmission and Reflection in the Eckhart Potential”, International Center for Theoretical Physics-Trieste preprint IC/90/144 (1990).

2. A.O. Barut and M. Božic, “Reflection, Transmission and Spin Rotation of Dirac Neutrinos in Magnetic Fields”, International Center for Theoretical Physics- Trieste preprint IC/89/148 (1989).

• Charge conjugation. L. Michel “Selection Rules Imposed by Charge Conjugation” in Nuovo Cimento 10, 319-339 (1953).

• CP violation in particle physics and nuclear physics.

1. T.M. Aliev, “Search for CP Violation in Rare B-Meson Decays”, International Center for Theoretical Physics-Trieste preprint IC/90/190 (1990).

2. T.M. Aliev and O. Yilmaz, “Fourth Generation and SUSY Effects on CP Violation in Rare B ⃗Kϕ, K^∗ϕ Transitions”, International Center for Theoretical Physics- Trieste preprint IC/90/236 (1990).

3. A.A. Bel’kov, D. Elbert, and A.V. Lanyov, “CP-Violation in K^0(K̄^0)⃗3π Decays from Chiral Lagrangians with Fourth-Order Derivative Terms, Including Isospin- Break and Rescattering Effects”, International Center for Theoretical Physics- Trieste preprint IC/90/276 (1990).

4. H.M. Dykstra, University of Texas at Austin PhD dissertation Topics in String Theory and CP Violation (1990).

5. H. Georgi, Weak Interactions and Modern Particle Theory (Benjamin-Cummings, Menlo Park, California, 1984), particularly chap. 10.

6. W. Grimbus, “CP Violating Phenomena and Theoretical Results” in Fortschritte der Physik 36 No. 4, 201-280, (1988).

7. A.D. Sakharov, “Quark-Muonic Currents and Violation of CP Invariance” in JETP Letters 5 No. 1, 36-39 (1967).

8. L. Wolfenstein, “CP Violation: Where We Stand 25 Years Later”, Carnegie Mellon University Preprint CMU-HEP89-15 (1989) (Concluding talk given at the conference on CP Violation in Particle Physics and Astrophysics at Blois, France May 22-26, 1989).

• CPT and cosmology.

1. A.D. Sakharov, “Violation of CP Invariance, C Asymmetry, and Baryon Asymmetry of the Universe” in JETP Letters 5 No. 1, 32-35 (1967).

2. A.D. Sakharov, “Cosmological Models of the Universe with Reversal of Time’s Arrow” in Soviet Physics JETP 79, 689-693 (1980).

3. A.D. Sakharov, “Cosmological Transitions with Changes in the Signature of the Metric” in Soviet Physics JETP 87, 375-383 (1984).

• Solar neutrinos.

1. J.N. Bahcall, F. Calaprice, A.B. McDonald, and Y. Totsuka (1996) “Solar Neutrino Experiments: The Next Generation” Physics Today July issue p. 30.

• Interference and CPT in neutron physics.

1. C.R. Gould, D.G. Haase, N.R. Robertson, H. Postma, and J.D. Bowman, preprint “Parity and Time Reversal Violation in Resonance Neutron Total Cross Sections with Polarized Targets”, submitted to International Journal of Modern Physics A. 2. S.A. Werner and H. Kaiser “Neutron Interferometry - Macroscopic Manifestations of Quantum Mechanics”, lectures at International School of Cosmology and Gravitation, Erice, Italy, May 2 - 12, 1989.

3. S.A. Werner and A.G. Klein, “Neutron Optics”, Chapter 4 in Neutron Scattering.

Methods of Experimental Physics, vol. 23A, edited by K. Skold and D.L. Price (Academic Press, Orlando, 1986).

• Majorana neutrinos and double lepton decay.

1. D. Dassié “La double désintégration bêta, une voie pour étudier le neutrino” in Bull. Soc. Fr. Phys. 97, 47-50 (1994).

2. B. Kayser with F. Gibrat-Debu and F. Perrier, The Physics of Massive Neutrinos (World Scientific, Singapore, 1989).

3. L.S. Littenberg and R.E. Shrock, “Upper Bounds on Lepton-Number Violating Meson Decays”, in Phys. Rev. Lett. 68, 443-446 (1992).

4. E. Majorana “Teoria simmetrica dell’elettrone e del positrone,” in Nuovo Cimento 14, 171–184 (1937).

5. T. Tomoda, “Double Beta Decay” in Reports on Progress in Physics 54 53 - 126 (1991).

• Auger effect and internal conversion.

1. H.A. Bethe and E.E. Salpeter Quantum Mechanics of One- and Two- Electron Atoms (Springer, Berlin, 1957), particularly p. 295.

2. J.M. Blatt and V.F. Weisskopf Theoretical Nuclear Physics (Wiley, New York, 1952), p.614ff.

3. R.R. Roy and B.P. Nigam, Nuclear Physics: Theory and Experiment (Wiley, New York, 1967), p.470ff.

• Non-trivial manifolds in condensed matter physics.

1. L. Michel, “Symmetry Defects and Broken Symmetry Configurations. Hidden Symmetry” in Reviews of Modern Physics 52, 617 - 651, (1980).

2. N.D. Mermin, “The Topological Theory of Defects in Ordered Media” in Reviews of Modern Physics 51, 591 - 648, (1979).

3. G. Toulouse, “Pourquoi et comment classer les défauts dans les milieux ordonnés,” in Bull. Soc. Française de Physique Oct. 1976.

• Phase factor observation. (See also Rauch et al., 1975 and Werner et al., 1975) 1. H. J. Bernstein, “Spin precession during interferometry of fermions and the phase factor associated with rotations through 2π radians,” Phys. Rev. Lett. 18, 1102–1103 (1967).

• Space and time reversal in atomic and molecular processes.

1. M.A. Bouchiat and C. Bouchiat, “I. Parity violation induced by weak neutral currents in atomic physics” in Le Journal de Physique 35, 899-927 (1974).

2. M.A. Bouchiat, J. Guena, L. Hunter, and L. Pottier “Observation of a parity violation in Cesium” in Phys. Lett. 117B, 358-364 (1982).

3. M.J.D. Macpherson, K.P. Zetie, R.B. Warrington, D.N. Stacey, and J.P. Hoare, “Precise Measurement of Parity Nonconserving Optical Rotation at 876 nm in Atomic Bismuth” in Phys. Rev. Lett. 67, 2784-2787 (1991).

4. D.M. Meekhof, P. Vetter, P.K. Majumder, S.K. Lamoreaux, and E.N. Fortson, “High-Precision Measurement of Parity Nonconserving Optical Rotation in Atomic Lead” in Phys. Rev. Lett. 71, 3442-3445 (1993).

5. M.C. Noecker, B.P. Masterson, and C.E. Wieman, “Precision Measurement of Parity Nonconservation in Atomic Cesium: A Low-Energy Test of the Electroweak Theory” in Phys. Rev. Lett. 61, 310-313 (1988).

REFERENCES

Aharanov, Y., and L. Susskind, 1967, “Charge Selection Rule,” Phys. Rev. 155, 1428-1431. Alty, L.J. and A. Chamblin, 1996, “Obstructions to pin structures on Kleinian manifolds,” J. Math. Phys. 37, 2001-200011.

Aliyah, M.F., R. Bott and A. Shapiro, 1964, “Clifford Modules,” Topology 3 Suppl. 1, 3-38. Avron, J.E., L. Sadun, J. Segert, and B. Simon, 1989, “Chern Numbers, Quaterions, and Berry’s Phases in Fermi Systems,” Commun. Math. Phys. 124, 595-627. Berestetskii, V.B., E.M. Lifshitz, and L.P. Pitaevskii,, 1982, Quantum Electrodynamics: Course of Theoretical Physics, vol. 4 (Pergamon, Oxford) p. 101. In this book, the Majorana particles are called “strictly neutral particles”.

Carlip, S., and C. DeWitt-Morette, 1988, “Where the Sign of the Metric Makes a Difference,” Phys. Rev. Lett. 60, 1599-1601.

Chamblin, A., 1994, “On the Obstructions to Non-Cliffordian Pin Structures,” Comm. Math. Phys. 164, 65-87.

Chamblin, A., and G.W. Gibbons, 1995, “A judgement on Sinors,” Classical and Quantum Gravity 12, 2243-2248.

Choquet-Bruhat, Y., and C. DeWitt-Morette, 1989, Analysis, Manifolds and Physics, Part II: 92 Applications (North-Holland, Amsterdam), pp. 17-27 for Pin and Spin groups, p. 37 for Dirac adjoint on an hyperbolic manifold, p. 137 for pinors.

Dabrowski, L., 1988, Group Actions on Spinors (Bibliopolis, Naples). With Dabrowski’s convention Λ^2_P = −a, Λ^2_T = b, (Λ_P Λ_T )^2 = c.

DeWitt-Morette, C., and B.S. DeWitt, 1990, “Pin Groups in Physics,” Phys. Rev. D 41, 1901-1907.

DeWitt-Morette, C., and S.-J. Gwo, 1990, “One Spin Group; Two Pin Groups,” in Symposia Gaussiana, Series A, vol. 1: Proceedings of the International Symposium of Mathematics and Theoretical Physics, Guaruja, 1989, edited by R.G. Lintz et. al. (Institutum Gaussianaum, Toronto).

Dyson, F.J., 1958, “Connection between local commutativity and regularity of Wightman functions,” Phys. Rev. 110 (number 2), 579-581.

Flügge, S., 1971, Practical Quantum Mechanics II (Springer, Berlin) pp. 219-225. Hawking, S.W., and C.N. Pope, 1978, “Generalized Spin Structures in Quantum Gravity,” Phys. Lett 73B, 42-44.

Jost, R., 1957, “Eine Bemerklung zum CTP-theorem,” Helv. Phys. Acta 30, 409-416. Klapdor-Kleingrothaus, H.V., 1994, “Double beta decay and neutrino mass. The Heidelberg- Moscow experiment,” Prog. Part. Nucl. Phys. 32, 261-280.

Kramer, E., 1991, “The Pin groups in Physics,” Master of Arts Thesis, University of Texas at Austin.

Lee, T.D., and C.N. Yang, 1956, “Question of Parity Conservation in Weak Interactions,” Phys. Rev. 104, 254-258.

Lüders, G., 1954, Kgl. Danske Videnskab. Selskab Mat.-fys. Medd. 28 no 5. Lüders, G. and B. Zumino, 1957, “Some consequences of TCP-Invariance,” Phys. Rev. 106, 385-386.

Merzbacher, E., 1970, Quantum Mechanics, 2nd ed., (Wiley, New York), p. 408. Pauli, W., Ed., 1955, Niels Bohr and the Development of Physics (Pergamon Press Ltd., London).

Racah, G., 1937, “Sulla Simmetria tra Particelle e Antiparticelle,” Nuovo Cimento 14, 322- 328.

Rauch, H., A. Zeilinger, G. Badured, A. Wilfing, W. Bauspiess, and U. Bonse, 1975, “Verification of Coherent Spinor Rotation of Fermions,” Physics Letters A 54, 425-427. Sakurai, J.J., 1985, Modern Quantum Mechanics (Addison-Wesley, Menlo Park, California), p. 281.

Salam, A., 1968, in Elementary Particle Physics, ed. N. Svartholm (Almqvist and Wiksells, Stockholm), p. 367.

Salam, A. and Ward, J.C., 1964, “Electromagnetic and weak interactions,” Phys. Rev. Lett., 13, 168.

Stapp, H.P., 1962, “Derivation of the CPT theorem and the connection between spin and statistics from postulates of the S-Matrix theory,” Phys. Rev. 125, 2139-2162. See also “Consequences of Invariances under C, P and T in Reactions involving antiparticles” UCRL 8859.

Van Nieuwenhuizen, P., 1984, “An Introduction to Simple Supergravity and the Kaluza- Klein Program,” in Relativity, Groups and Topology II, Les Houches, 1983, edited by B.S. DeWitt and R. Stora (North-Holland, Amsterdam).

Weinberg, S., 1967, “A Model of Leptons,” Phys. Rev. Lett. 19, 1264-1266. Weinberg, S., 1995, The Quantum Theory of Fields (Cambridge University Press). See p. 90. Werner, S.A., R. Colella, A.W. Overhauser, and C.F. Eagen, 1975, “Observation of the Phase Shift of a Neutron Due to Precession in a Magnetic Field,” Physical Review Letters 35, 1053-1055.

Wick, G.C., A.S. Wightman, and E.P. Wigner, 1952, “The Intrinsic Parity of Elementary Particles,” Phys. Rev. 88, 101-105.

Wu, C.S. et al., 1957, “Experimental Test of Parity Conservation in Beta Decay,” Phys. Rev. 105, 1413.

Yang, C.N. and J. Tiomno, 1950, “Reflection Properties of Spin-1/2 Fields and a Universal Fermi-Type Interaction,” Phys. Rev. 79, 495-498.